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Abstract. In this book, I explored differential equations for covariant and 
contravariant representations of group Lie in a vector space. In the transition 
to the tangent bundle of a differcntiablc manifold we obtain the theory of 
parallel transport of a geometric object. 
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CHAPTER 1 



Introduction 

1.1. About This Book 

This book is based on the research project that I performed during my study 
in the Odessa university. I was very lucky that my teacher Gavrilchenko Michail 
Leonidovich provided lectures "Lie Group and Lie Algebra". These lectures were 
based on the book [2]. Later on, I wrote down the equations of a Lie group for 
the particular case of the representation of the group GL in the vector space of 
geometric objects. 

If wc consider tangent bundle to the differentiable manifold, then movement 
from a fiber into fiber generates the continuous set of transformations. Combining 
the differential equations of this set of transformations and differential equations 
of the geometric object, we get the equation of parallel transport of the geometric 
object. 

Subsequently, I replaced the group GL by an arbitrary Lie group. This is the 
form that I used to present theory in this book. Accordingly, chapters of the book 
have the following contents. Representation of a Lie group is closely connected with 
the theory of differential equations. In the chapter 2. I give a brief lecture of the 
theory of differential equations. I dedicated this lecture to completely integrable 
systems of differential equations. In the chapter 3, I write down the differential 
equations for a Lie group. I write down differential equations of the representation 
of Lie group in the chapter 4. 

1.2. Conventions 

(1) Without a doubt, the reader of my articles may have questions, comments, 
objections. I will appreciate any response. 
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CHAPTER 2 



Differential Equations 



2.1. Completely Integrable Systems 

Consider^' ^ a system of nm partial differential equations 

(2.1.1) g-^ = = 

l<a<m l<i<n r = ^ (x\ x") 
This system is solved relative all partial derivatives and is equivalent to system of 
total differential equations 

To find conditions of integrability we differentiate (2.1.1) with respect to . 



dx^dx^ dxi 89°' dxi 



dxi de° 



dxWxi dx^ 89° 
Because second derivative of continuous function does not depend on order of dif- 
ferentiation we expect that 

dih"' dih" dip" di/jf 

Definition 2.1.1. We call the system of differential equations (2.1.1) completely 
integrable system if condition (2.1.2) is satisfied identically. □ 

Solution of completely integrable system (2.1.1) has Taylor expansion 

Here C"^ (1 < a < m) are constants, 

[j-^j _ =V^f(C\...,C"\xi,...,<) 

We obtain the rest coefficients by differentiating of right part of (2.1.1) and sub- 
stituting C" and Xq. We tell about solution when expansion (2.1.3) converges. 
According to theorem by Caushi and Covalevskaya it has place when ipf are ana- 
litical by all arguments. 



'^I wrote this chapter under influence of [2] 
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2. Differential Equations 



For the vicinity of point (xq, ...,a;o) for which series (2.1.3) are convergent we 
have a solution 

(2.1.4) r = ip"{x\...,x",C\...,C"') 

determined by m constants. 

It is possible that condition (2.1.2) is not satisfied identically. Then system 
of differential equations (2.1.1) is not completely integrable and equation (2.1.2) 
puts constraints on functions 9". Therefore functions 9" satisfy (2.1.1) and (2.1.2). 
Assume that (2.1.2) put Si constraints. We differentiate them with respect to x'' 
and get new ^2 equations. If these equations are not satisfied identically we can 
repeat this process soon. 

Because we cannot have more than m constraints, this chain breaks. If system 
of differential equations (2.1.1) has solution this solution satisfies all constraints, 
otherwise these constraints are conflicting. 

Theorem 2.1.2. Necessary and sufficient condition in order that system of dif- 
ferential equations (2.1.1) has solution is existing of such N that Si,...,Sn are 
algebraically compatible, and Sn+i is consequence of them. If we get p constraints 
then common solution depends on m ^ p arbitrary constants. 

Proof. We proved that this condition is necessary. Now we show that this 
condition is sufficient. Assume we got p constraints 

(2.1.5) ^'^{9,x)=0 7 = l,...,p 
Because 

Rg 



5$7 



P 



961" 

we can expressp variables 0" through others using (2.1.5). If we enumerate variables 
by right way wc get 

(2.1.6) 9" = (t)''i9P+\...,9"',x) iy=l,...,p 
We substitute (2.1.6) into (2.1.1) and get 

(2.1.7) ^=V5r(0''+\...,e",x\...,x") a^p+l,...,m 

The condition (2.1.2) is satisfied. System of differential equations (2.1.7) is com- 
pletely integrable and has solution that depends on m — p arbitrary constants. 
First p equations are fulfilled because of (2.1.6) when 9p~^^ , ...,9"\x are solutions 
of (2.1.7). □ 

2.2. Linear Differential Operator 

Let us have r differential operators 

(2-2.1) ^»^ = ^^^ 

Operator (2.2.1) is linear 

Xa{f + g) = Xaf + Xag 

Xa{\f)^\Xaf \ = const 



2.3. Complete System of Linear Partial Differential Equations 
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The product of these operators has form 



XM^x4Xb.f)^C—[a- 



'dx' dx3 ^"^^dx'dxi 



We used (2.2.1) on the last step. This is not operator of type (2.2.1). However 
because second term is symetric relative a and h we can introduce commutator 

dx^ 

This is linear operation and we call it Puason brackets. Skew symmetry of this 
commutator follows from (2.2.2). 
Simple calculation shows that 



(2.2.2) {Xa,Xb)f = XaX,J - XbXaf = (^aC^' - ^6^)7^7 



(2.2.3) {{Xa,Xh),X,)f = {{Xa,Xb)ec - XciXa^ - ^bH)) 

~ [dx'^ dx^ '^^ dx'^^^^'^^^^^'dxPdxi dxi^^^' ^^^^^ dxPdx^ J dxi 

If we change order of parameters we finally get equation 

(2.2.4) {{Xa,Xh),Xc)f + {{Xb,Xc),Xa)f + {{Xc,Xa),Xb)f = 

(2.2.4) is Jacoby condition. 

Theorem 2.2.1. Commutator of linear combination of operators 

X'a = ^iXt 

where are functions of x expresses through these operators and their commutators 

(2.2.5) (X;, X',)f = /.iXd/ - p^tXaf + A^A^(X,, Xa)f 
Proof. Commutator has form 

{X'a,X'^)f = {\],Xb, \iXd)f 

(2.2.6) = \lX,{\iXaf) - XiX,{XlXbf) 

= X'^XbXiXdf + X'^X'^XbXdf — X'^XdX'^^Xbf — XfX^^XdXbf 
(2.2.5) follows from (2.2.6) if we assume 

f-tc ~ '^tXbX'^ 

□ 

2.3. Complete System of Linear Partial Differential Equations 

Now we want to learn system of differential equations 

(2.3.1) Xaf^O Xa^C-^ l<t<n l<a<r 
We assume that 

(2.3.2) rank||C*|| = r < n 
This means that equations (2.3.1) are line independent. 
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2. Differential Equations 



If r = n, the only solution is evidently / = const. Statement that every solution 
of equations (2.3.1) is also solution of equation 

(2.3.3) {Xa,Xb)f = 
follows from (2.2.2). If 

(2.3.4) {Xa,Xt)f = j:,XJ 

where the 7 are functions of x, then system of differential equations (2.3.1) and 

(2.3.3) is equivalent to system of differential equations (2.3.1). We do not know 
in advance whether (2.3.3) set new constraints for (2.3.1). We adjoin to system of 
differential equations (2.3.1) those equations of system (2.3.3) which do not hold 

(2.3.4) . We obtain s equations, s > r. We repeat the same procedure for new 
system and obtain t equations, t > s, and so on. 

As result of the sequence of indicated actions we may get n equations. In this 
case the system of differential equations (2.3.1) has the only solution / — const, 
because 

= 

ax* 

Otherwise we get u equations, u < n, which hold condition (2.3.4). In this case 
obtained system of differential equations is called complete of order u. Solution 
of the system of differential equations (2.3.1) is solution of complete system of 
differential equations. 

Theorem 2.3.1. // system of differential equations (2.3.1) is a complete system, 
so also is 

(2.3.5) X'J = X'.Xbf = 
where A are functions of x 

(2.3.6) det||A^||7^0 l<a,fe<r 

Proof. From (2.3.4) it follows that the right-hand member of (2.2.5) is linear 
in Xaf ■ According to (2.3.5), (2.3.6) Xaf is linear in operators X'^f . Therefore, we 
have from (2.2.5) expressions of the form (2.3.4), which proves the statement. □ 

Since (2.3.2), there is no loss in generality in assuming that 

(2.3.7) det||^*|| T^^O \<i,a<r 

Hence we may solve system of differential equations (2.3.1) for and 
write the result in the form 

(2-3.8) X'J^-^+^Pl^^O a = l,...,r t = r + l,...,n 

These equations arc of the form (2.3.5) and, hence, form system of differential 
equations equivalent to system (2.3.1). 

Complete system of differential equations expressed in the form (2.3.8) is called 
Jacobian. 

Theorem 2.3.2. Complete system of differential equations (2.3.1) admits exactly 
n — r independent solutions. 



2.4. Essential Parameters in a Set of Functions 
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2 Sin - ^ 4-7/;«^ nh-^ r nn-r + ^ n 

^■'^■'^'^) a^a + Va p,^„ - + Vb a,0-l,...,r p, q - r + I, ...,n 



Proof. Similarly to equation (2.3.4), we have 

(2.3.9) {X',,X',)f^i:,X'J 
From (2.2.2) and (2.3.8), it follows that 

(2.3.10) [XlXDf ^{Xai^l-Xb^',)^^ t = r+l,...,n 

Since do not appear in (2.3.10), = 0. Hence, we get for complete 

system in the Jacobian form 

{X',,Xl)f^Q 

Xa^l - Xb^l = 

dx'i dx^ dxi 
Comparing (2.3.11) and (2.1.2), we see that system of differential equations 

(2.3.12) d^=^- a = l,...,r p^r + l,...,n 

is completely integrable. According to theorem 2.1.2 system of differential equa- 
tions (2.3.8), and consequently, system of differential equations (2.3.1) admit n — r 
independent solutions, and system of differential equations (2.3.1) does not admit 
more than n — r independent solutions. □ 

2.4. Essential Parameters in a Set of Functions 

Definition 2.4.1. Consider n functions 

f (a;\...,x",a\...,a''),i = l,...,n 

of variables x^,...,a;" and parameters a^,...,a''. We assume that functions /* are 
continuous in and a^,...,a'". Also their derivatives up to any order are 

continuous. Parameters a^, ...,a^ are called essential parameters unless there are 
functions A^, of a^, ...,a'' such that we have identically 

(2.4.1) f{x,a)=F\x,A) 

□ 

Theorem 2.4.2. A necessary and sufficient condition that the r parameters a" be 
essential is that the functions /' do not satisfy an equation of the form 

(2.4.2) r|£=0 
where (j)" ^ 0. 

Proof. Assume that parameters a are not essential. Then there exist A such 
that (2.4.1) is satisfied and 

OA" 



rank 



< r 



9a" 

Therefore there exist functions (j)" (a) 7^ such that 

5a" 
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2. Differential Equations 



Hence functions A^, A^^^ and any their function ^{A) also satisfy (2.4.2). 
Functions in (2.4.1) are example of function $. Therefore if /' do not essentially 
depend on a" they satisfy system (2.4.2). 

Conversely, suppose that functions /* satisfy equation (2.4.1) for some func- 
tions (j)". This equation admits r — 1 independent solutions A^, A'^~^ which 
are functions of a" alone and any solution of (2.4.2) is function of A^, A^~^. 
Therefore, each of functions is a function of , ...,a;" and A^, A^'^ and a^, 
are not essential. □ 

Remark 2.4.3. From theorem 2.4.2, it follows that, if the functions /* satisfy a 
complete system of s differential equations 

(2.4.3) '^-9^^° a = l,...,r o = l,...,s<r 

then /' arc functions of x and of r — s independent solutions of system (2.4.3), 
which are functions of the a, and consequently /' are expressible in terms of r — s 
essential parameters. □ 

We may interpret the system of equations (2.4.2) as system of linear equations 
for 0". From linear algebra, it follows, that solutions of system (2.4.3) form a vector 
space, and only in case of condition 

dp 



(2.4.4) ^0 rank 



da"' 



the system of linear equations (2.4.3) has the only solution = 0. Thus, from re- 
mark 2.4.3, it follows, that parameters are essential, if condition (2.4.4) is satisfyed. 

Suppose that /io < r. Differentiating the system of differential equations (2.4.2) 
with respect to the x^ , we have 

dp df., dp 

Let 

(2.4.6) m = rank 



da°' 



Evidently fii > fiQ. If fii = r, the system of linear equations (2.4.5) admits the 
only solution 0" ~ 0. Consequently the parameters arc essential. 
If we put 

d" P 

we have from (2.4.2) by repeated differentiation 

dp 

(2.4.7) -^^ ^''-'^^ 
We denote 

(2.4.8) iJLs = rank 




c^a" 9a" da' 



We get thus a sequence of ranks 

(2.4.9) Mo < Ml < - < Ms < - < r 



2.4. Essential Parameters in a Set of Functions 
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Theorem 2.4.4. The number of essential parameters in terms of which the func- 
tions f''{x,a) are expressible is equal to the maximum number attained in the se- 
quence (2.4.9). 

Proof. If any Hs is equal to r, 0" = and r parameters are essential. 
Suppose that ^s-i < r and /is = /is-i- From this statement, it follows that 

t<s 

Differentiating equation (2.4.10) with respect to a;^, we have 
da" ji -j. 

t<s 

Eykl...kt ^^%i...ktP , \ ' yki...kfyll...l^ ^-fdl-.-l^ 

h---3s Q^a '^jl-'-js ki...k,p Q^a 

i<s — 1 t—s—l.wCs 



Therefore, /is+i = /is-i- 

If /Ks < the system of linear equations (2.4.2), (2.4.7) has rank /is, then r — /is 
of the functions 0" may be choosen arbitrary and the others are then determined. 
Let 0^, (ff~^' be functions of a but not the x. Then 

(j)"^Xl(j)P p== l,...,r-/is a = r-/is + l,-,r 

where A arc functions of x and a. There are accordingly r^pLg independent equations 
(2.4.2). The commutator of any two equations equated to admits /* as solution 
and hence it must be a linear combination of the given equations. Therefore, these 
equations form a complete system. Hence the functions are expressible in terms of 
/is essential parameters. □ 



CHAPTER 3 



Lie Group 



3.1. Lie Group Composition 

Let G be an r-parameter Lie group with an operation 

(3.1.1) flg = (/3^(ai, 02) 03=0102 

and neutral element e. 

All operators that we introduce below have relation to left and right shift 
representations and will have an additional index r or I telling us what kind of shift 
they describe. 

First of all we introduce operators 

(3.1.2) Af(a,6) = ^^"(«'') 



(3.1.3) Aif(a,6) = 



dip^{a,h) 



as derivative of left and right shifts. 
Theorem 3.1.1. 

(3.1.4) Aria,bc)Arib,c) = Ar{ab,c) 

(3.1.5) Ai{ab,c)Ai{a,b)=Ai{a,bc) 
Proof. The operation is associative 

(3.1.6) a{bc) = {ab)c 

Using chain rule we can find the derivatives of this equation 

da{bc) dbc d{ab)c 



(3.1.7) 
(3.1.8) 



56c dc dc 

da{bc) d{ab)c dab 



da dab da 

(3.1.4) folows from (3.1.7). (3.1.5) folows from (3.1.8). □ 
Because ae = a and eb = b we get equations 

(3.1.9) A,f(a,e)=,5f 

(3.1.10) Af(e,fe) = (5f 

Theorem 3.1.2. Operator Ai (a, b) has the inverse operator Ai(ab,b^^) 

(3.1.11) A-\a,b) = Ai{ab,b-'^) 
Operator Ar{b,c) has the inverse operator A,. (6^^, 6c) 

(3.1.12) A-^{b,c)=Ar{b-^,bc) 
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3. Lie Group 



Proof. According (3.1.4) we get {a ~ b ^) 

(3.1.13) Arib-\bc)Arib,c) = Arib'^b^c) = A(e,c) = 6 

(3.1.12) follows from (3.1.13). 

According (3.1.5) we get (c = b~^) 

(3.1.14) Ai{ab, b-^)Ai{a, b) = Ai{a, bb'^) = A,(a, e) ^ 5 

(3.1.11) follows from (3.1.14). □ 
Theorem 3.1.3. Operators Ai {a, b) and Ar{a,b) are invertible. 

Proof. This is consequence of theorem 3.1.2. □ 

We introduce Lie group basic operators 

(3.1.15) VrAr(») = ^rAr(a, e) ^ria) ^ Ar{a,e) 

(3.1.16) i>i'j^{b) = Ai%{e,b) Mb)=Me,b) 
From (3.1.9) and (3.1.10) immediately follows that 

(3.1.17) V';f(e)=<5f 

(3.1.18) V'rf(e)=<5f 

By definition basic operators linearly map the tangent plane T^G into the tangent 
plane TaG. 

Theorem 3.1.4. Operators ipi and ipr cire invertible. 

Proof. This is consequence of theorem 3.1.3 and definitions (3.1.16) and 
(3.1.15). □ 

Because operators ipr and "0; have inverse operators we introduce operators 

(3.1.19) A,.(a) = Vr^a) 

(3.1.20) A,(a) = Vr'(a) 
which map TaG — > T^G 

Theorem 3.1.5. 

(3.1.21) Xr{a) = Ar{a-^,a) 

(3.1.22) Xiia)=Ai{a,a-^) 
Proof. According (3.1.20), (3.1.16) and (3.1.11) we get 

A/(a) = A'^\e,a) = Ai{a,a-^) 

This proves (3.1.22). 

According (3.1.19), (3.1.15) and (3.1.12) we get 

Xr{a) — A~^{a, e) — Ar{a~^,a) 

This proves (3.1.21). □ 

Theorem 3.1.6. 

(3.1.23) Ar{a,b) ^i'r{ab)Xr{b) 

(3.1.24) Aiia,b)^i;i{ab)Xiia) 
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Proof. Assume c = e in (3.1.4) 

(3.1.25) Ar{a,b)Ar{b,e) ^ Ar{ab,e) 
From equations (3.1.15), (3.1.25), it follows that 

(3.1.26) Ar{a, h)il}r{h) = ipriab) 
From (3.1.26) follows 

(3.1.27) Aria,b) = i;r{ab)^J~^{b) 

(3.1.23) follows from (3.1.27) using (3.1.19). 
Assume a = e into (3.1.5) 

(3.1.28) Ai{b,c)Ai{e,b)=Aiie,bc) 
From equations (3.1.16), (3.1.28), it follows that 

(3.1.29) Aiib,c)Mb)=Mbc) 
From (3.1.29) follows 

(3.1.30) Ai{a,b) = iji{ab)^r\'^) 

(3.1.24) follows from (3.1.30) using (3.1.20). □ 
Theorem 3.1.7. The Lie group operation satisfies to differential equations 

(3-1-31) ^^^^ = V-r^ {ab)Xrl{b) ^ = M^b)X,.{b) 



(3.1.32) ^^^^ = ^Pi^{ab)Xil{a) ^ = Mab)Xi{a) 

Proof. (3.1.31) is consequence of (3.1.23) and (3.1.2). (3.1.32) is consequence 
of (3.1.24) and (3.1.3). □ 

Theorem 3.1.8. 

(3.1.33) " ^_^,;(a-i)A,(a) 

oa 

(3.1.34) " = ^^^(^a~')Xi{a) 

oa 

Proof. Differentiating the equation e = a^^a with respect to a, we get the 
equation 

da^^ada^^ da^^a 







da~^ da da 
da^^ 

= Ai{a-^ ,a)—— + Ar{a~^ ,a) 
da 

da~^ 

— — = -A~Va"\a)A,.(a"\a) 
da 

Using (3.1.21) and (3.1.22) we get 

da~^ 

(3.1.35) __^_Ar'(a-i)A,(a) 
(3.1.33) follows from (3.1.35). 
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Differentiating the equation e ~ aa^^ with respect to a, we get the equation 



da da ^ da 

= Ai{a,a-^) + Ar{a,a-^)—— 

oa 

yl7^(a,a^^)A/(a,a~^) 



da 

Using (3.1.21) and (3.1.22) we get 

(3.1.36) ^ = ~\;\a-')Xi{a) 

da 

(3.1.34) follows from (3.1.36). □ 
Theorem 3.1.9. 

(3.1.37) %^ = -Ma-'b)4'-'{a) 

da 

dba~^ , , , 1 , , 

(3.1.38) = -A{ba-^)^r {a) 

Proof. Using the chain rule and equations (3.1.24), (3.1.33) we get 

da^^b da~^bda~^ 
da da^^ da 

(3.1.39) = -Aiia-\b)Ma-^)>^r{a) 

= -4nia-'b)i;-\a-')i;i{a'')Kia) 

(3.1.37) follows from (3.1.39). 

Using the chain rule and equations (3.1.23), (3.1.34) we get 

dba~^ dba"^ da~^ 
da da^^ da 

(3.1.40) = -Ar{b,a-^)^:r{a-^)h{a) 

= -Mba-^)^-\a-')Ma'^)Ma) 

(3.1.38) follows from (3.1.40). □ 

3.2. 1-Parameter Group 

If the manifold of the group has the dimension 1, we have the group that 
depends on 1 parameter. In this case the operation on the group is just 

c = </j(a, b) 

where a, b, c arc numbers. In this case our notation will be simplified. We have not 
operators but functions 

dip{a,b) 



Ai{a,b) 
Ar{a,b) 



da 
dip{a,b) 



db 

which by the definition satisfy equations 

Ai{a,e) = 1 



3.2. l-Paramctcr Group 
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Ar{e,b) = 1 
As well we introduce basic functions 

in{b) = Ai{e,b) 

Functions iprio-) and ipii'^) never turn to and 

1 



Xr{a) 
Xi{a) = 



t/jr(a) 

1 



Ma) 

Theorem 3.2.1. The operation on the 1 -parameter Lie group satisfies to differen- 
tial equations 

9 n dipia,b) _ jjrjab) 

^'^ ' db " Mb) 

Proof. This is consequence of (3.1.31). □ 

Theorem 3.2.2. On the l-parameter group we can introduce such coordinate A 
that the operation $ on the group has form 

(3.2.2) <^>{A,B)=A + B 
and the identity of the group is E — 0. 

Proof. We introduce a new variable A such that 

(3.2.3) = 7^ 

Because ipria) ^ 1-1 map A = F{a) and its inverse map a = f{A) exist. This 
means that ii A = F{a), B ~ F{b), C = F{c) and c = (p{a,b) then there exist a 
function $ such that 

C = ^A,B)=Fiipia,b)) 

Now we have derivative 

d^{A,B) _ dC dip{a,b) db 
dB ~ 'dc db dB 
Using (3.2.3) and (3.2.1) we get 

d<P{A,B) _ 1 ^ric) 
dB ~ Vr(c) Mb) 

Thus we have 

(3.2.4) ^A,B)=^{A)+B 
If we get the solution of equation (3.2.3) in the form 

da 



Mb) = 1 



A^ . 

ijjr[a) 

then we see that the identity of group is A = 0. If we assume i? = in (3.2.4) we 
get 

(3.2.5) A^^{A) 

(3.2.2) follows from (3.2.4) and (3.2.5) □ 
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3.3. Right Shift 

For the right shift [1]-(2.4.14) the system (3.1.31) gets form 

(3.3.1) __^^^^(6')A,^(„) 

Functions b'^ are solutions of the system (3.3.1) and according to [1]-(2.4.14) they 
depend on 6^, which we can assume as constants. Thus solution of the sys- 

tem (3.3.1) depends on n arbitrary constants and therefore the system (3.3.1) is 
completely integrable. Condition of its intcgrability has the form 

^^^A,.p(a) + AAb = 

Using (3.3.1) we can write this condition in more simple form 

^MPv.,.^(^')A.K(«)A.?(a) + ^rm^^^ = 
- ^'^'■^(^'l^.^(6')A.);(a)A,.?;Xa) +^,.^(6'^^^'-^(") 



d^4{b') , 5,,,, dA^ib')^ 



Auib')ATia)i^rvia) 



\ daP daP 
Now we introduce right structural constant of Lie algebra 

(3.3.2) = A^ia)A^{a) - 

Then we have 

d 



(3.3.3) ^MP^4(;,') _ ^M^^^^(5') = a^^T^.&(&') 



If we differentiate this equation with respect to a we get 

^*-">')-» 

because iprjj{b') does not depend on a. At the same time "ipruib') are line indepen- 
dent because detUV'rt/ll 7^ 0. Therefore 

daP 

are constants. We call them structural constants, from (3.3.2), it follows 

that 

(3.3.4) C.^^yXrl{a)Xrl{a) = - 

Wc call (3.3.4) Maurcr equation. 



3.3. Right Shift 
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Theorem 3.3.1. Vector fields defined by differential operator 



(3.3.5) Xrv = Avi(^)7rs 

oa^ 



d 

h 

are line independent and their commutator is 

(XrT, Xrv) — CrTvXrU 

Proof. Line independence of vector fields follows from theorem 3.1.4. Then 
we see that according to (3.3.3) 

D r> ^ 

p dlprv{<l) I i?/ ^91/VT(")^ 9 



At{0') — ^-p V'ri;(a) 



daP ^"^^^ ' daR J da 

CrrylprlJ (o) q^D " ^rTV-XrU 



□ 



Let we have the homomorphism / : Gi — )• G of the 1-parameter Lie group 
Gi into the group G. Image of this group is the 1-parameter subgroup. If t is 
coordinate on the group Gi we can write a = f{t) and find out differential equation 
for this subgroup. We assume in case of right shift that a — f{ti), b — /(t2), 
c ^ ab = f{t), t = ti + t2- Then we have 

dc^ dc^ db^ , NX Tn^db^ dt2 

-dr^db^^^^''^^'^^"-^^^^^^ 

^^^.?(c)A.I(5)^ 

Left part does not depend on t2, therefore right part does not depend on t2- We 
assume that 

dt2 

Thus we get system of differential equations 

— = (c)a 

Because ■0^ is derivative of right shift at identity of group this equation means that 
1-parameter group is determined by vector € T^G and transfers this vector 
along 1-parameter group without change. We call this vector field right invariant 
vector field. We introduce vector product on Tg as 

(3.3.6) [a,/3]^ = G,La«/3^ 

Space TgG equipped by such operation becomes Lie algebra g^. We call it right 
defined Lie algebra of Lie group 

Theorem 3.3.2. Space of right invariant vector fields has finite dimension equal 
of dimension of Lie group. It is Lie algebra with product equal to commutator of 
vector fields and this algebra is isomorphic to Lie algebra Qr. 
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Proof. It follows from (3.3.5) and (3.3.6) because and /3^^ are constants 

□ 

3.4. Left Shift 

For the left shift [1]-(2.4.12) the system (3.1.32) gets form 

(3.4.1) |_=^^^(6')A,I(a) 

Functions b'^ are solutions of system (3.4.1) and according to [1]-(2.4.12) they 
depend on which we can assume as constants. Thus solution of system 

(3.4.1) depends on n arbitrary constants and therefore the system (3.4.1) is com- 
pletely integrablc. Condition of its integrability has the form 

^^^A,p(a) + ^,^(6 = 

= -db^d^^]^^""^ + ^'^(^ 
Using (3.4.1) we can write this condition in more simple form 

= ^^^.^(^')A.)^(a)A.?;(a) +^,^(6')^^ 

~db^^'^^ ' — db^^'^^ ^ ^ 

= tPiuib )V/T(a)^iy(a) [^-^ 

Now wc introduce left structural constant of Lie algebra 

(3-4.2) = Viy(a)V'iT(a) [—g^ 

Then we have 

(3.4.3) gyS Vlv[0 ) — VlT[0 ) - '-^ivtViuKO ) 

If we differentiate this equation with respect to we get 

because ^^jJl^{b') does not depend on a. At the same time ij^i^Q:)') are line indepen- 
dent because detHf/ii^H ^ 0. Therefore 







daP 

and Cij^y are constants. We call them structural constants. From (3.4.2), it follows 
that 

(3.4.4) CirpyXrp(a)Xrii[a) = q^p 



3.4. Left Shift 
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We call (3.4.4) Maurcr equation. 

Theorem 3.4.1. Vector fields defined by differential operator 
(3.4.5) Xiv^^i^ia)-^ 
are line independent and their commutator is 

Proof. Line independence of vector fields follows theorem 3.f .4. Then we see 
that according to (3.4.3) 

iXiT,Xiv) = {XiT^i^ -Xivi^ii^)^ = 

P ,(9Viy(a) , R, s'^V'/tWA d 
^itW Wvia) i > 



daP ^'""^ ' daP J daD 

ClTv'^lui°')'Q^ = Cl^yXu 



□ 



Let we have the homomorphism / : Gi — > G of the 1-parameter Lie group Gi 
into the group G. Image of this group is the 1-parameter subgroup. If t is coordinate 
on the group Gi we can write a = f(t) and find out differential equation for this 
subgroup. We assume in case of left shift that a = f{ti), b = f{t2), c = ab = f{t), 
t = ti + t2- Then we have 

dc^ dc'^ db^ , ^. Tn^db^ dt2 

dr^ dh^ 

Left part does not depend on t2, therefore right part does not depend on t2- We 
assume that 

\ T/u\ db T 

Thus we get system of differential equations 

dr^ 

^=^.^(c)a^ 

Because ipi is derivative of right shift at identity of group this equation means that 
1-parameter group is determined by vector G TgG and transfers this vector 
along 1-parameter group without change. We call this vector field left invariant 
vector field. We introduce vector product on Te as 

(3.4.6) [a,/3]^ = Q^5a«/3^ 

Space TeG equipped by such operation becomes Lie algebra gi. We call it left 
defined Lie algebra of Lie group 

Theorem 3.4.2. Space of right invariant vector fields has finite dimension equal 
of dimension of Lie group. It is Lie algebra with product equal to commutator of 
vector fields and this algebra is isomorphic to Lie algebra Qi. 
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3. Lie Group 



Proof. It follows from (3.4.5) and (3.4.6) because and (i^^ are constants 

= Cil^yXiua^P^ = [a,P]''Xiu 

□ 

3.5. Relation between Algebras Lie Qi and 

We defined two different algebras Lie on space T^G. Our goal now is to define 
relation between these algebras. We start to solve this problem from analysis of 
Taylor expansion of group operation. 

Theorem 3.5.1. Up to second order of infinitesimal, structure of operation on 
group Lie 

(3.5.1) <^^(a, h)^a^ + b'' - e'' + l'^,i{a^' - e^0(&^ ^ e^) 

where we introduce infinitesimal generators of group Lie 

tK _ t k _ t k 
^LM — ^ILM — ^rML 

Proof. We can find Tailor expansion of product by both arguments. However 
like in sections 3.3 and 3.4 we can assume one argument as parameter and find 
Tailor expansion by another argument. In this case its coefficients will depend on 
former argument. 

Thus according to (3.1.2) and (3.1.15), product in vicinity of a G G has Tailor 
expansion relative h 

(3.5.2) ^^(a, 6) = + Vrf (a)(6^ - e^) + o{b^ - e^) 

ah = a + 'i/'r(a)(6 — e) + o{b — e) 
where coefficients of expansion depend on a. At the same time ?/', (a) also has Tailor 
expansion in vicinity of e 

(3.5.3) Vrf (a) = (5f + - e^') + "(a^^ - e^') 
If we substitute (3.5.3) into (3.5.2) we get expansion 

(p^(a, 6) = + ((5f + IrLuia^' - e^') + o(a*' - e")){b'^ - e^) + o(&^ - e^) 

(3.5.4) ip^ {a,b) ^ a^' + b^ -e^ + IrLM{a^^ -e"))ib^ -e^) + o{a^^ -e" ,b^ -e^) 

According (3.1.3) and (3.1.16), product in vicinity of 6 G G has Tailor expansion 
relative a 

(3.5.5) ifi^ia, b) = b^ + inf{b){a^ - e^) + o{a^ - e^) 

a6 = 6 + "0; (fe) (a — e) + o(a — e) 
where coefficients of expansion depend on b. At the same time ij^iib) also has Tailor 
expansion in vicinity of e 

(3.5.6) ^if{b) 5f + kf,.,{b'' e'') + o{b'' - e'') 
If we substitute (3.5.6) into (3.5.5) we get expansion 

<^^(a, b) = b^ + (5f + hf,,{b^^ - e'^) + o{b'' - e''))ia^ - a^) + o{a^ - e^) 

K •7\ Ki i\ iK I K K , tK /iM M\\/ L L\ . I M M iL L\ 

(3.5.7) If {a,b) = b +a — e +-Iilmv' ))('^ ) + o(a — e ,o ~e ) 



3.5. Relation between Algebras Lie g; and 
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(3.5.4) and (3.5.7) arc Tailor expansions of the same function amd they should 
be coincide. Comparing them we see that Ii^j^j ~ ^tml- Then group Lie operation 
has Tailor expansion (3.5.1) □ 



Theorem 3.5.2. Up to second order of infinitesimal, structure of operation on 
group Lie 



(3.5.8) 






+ ^ML\0' 


- e^') - 


h o(a*^ 


-e^ 


(3.5.9) 


V'zf(a) 






- e^O - 


h o{a'' 


- e*^ 


(3.5.10) 


\rf{a) 






- - 


h o(a*^ 


- e*^ 


(3.5.11) 


A;f(a) 




jK 1 M 


- e^') - 


h o(a*^ 


- e*^ 



Proof. (3.5.8) and (3.5.9) follow from differentiating of (3.5.1) with respect 
to a or h and definitions (3.1.15) and (3.1.16). 

Now we assume that \r^{a) has Tailor expansion 



(3.5.12) 



A.f(a) = <5^+Ji^M(«"-e^")+o(« 



tK 



M 



Then substituting (3.5.12) and (3.5.8) into equation 



Arf (a)V'rM(a) 



we get up to order 1 



(<5f +/^^(a--e-) + o(a 



,N 



+ Jhpia'' - e^) + o{aP e^)) = 6f, 



+ [Jmn + lNM){a" -e") + o{a- e^) = 5 



Hi 



Therefore J^j^ 



and substituting Jj^^ into (3.5.12) we get (3.5.10). 



The same way we can prove (3.5.11). 

The next theorem follows immediately from theorem 3.5.2. 
Theorem 3.5.3. 



□ 



(3.5.13) 


5Vrf(a) 


a—e 


(3.5.14) 


da''^ 


a—e 


(3.5.15) 


9A,f(a) 


- 

a—e 


(3.5.16) 




a—e 



On the base of theorem 3.5.3 we can get more detailed information about left 
and right group algebras Lie. Because definition (3.3.2) does not depend on a we 
can estimate it when a = e. Using (3.1.17) and (3.5.16) we get 



nU - xPxR 



^PR 



Using (3.1.18) and (3.5.15) we get 
Therefore 



u 

PR 



) 

Rp) 



r< u 



r< u 
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3. Lie Group 



and algebras Qi and Qr are anti isomorphic. Usualy we asume that Qi is Lie algebra 
of Lie group and use notation 

Let Q — T^G he Lie algebra of Lie group G with an operation 
"3 = ^^M^af "3 = C(ai,a2) 



CHAPTER 4 



Representation of Lie Group 



4.1. Representation of Lie Group 

We will explore a representation of a Lie group in a continuous vector space. 

Let 

v' =7(a)(?J) 
v" ^Jmv') =J{c}{v) 
Let e be the basis of vector space M. Than expansion of vector f{a)(lJ) has form 

7(a) («) = fia){v)e. 

Theorem 4.1.1. Basis vector of representation of Lie group is defined by 
equation 

(4.1.1) m = mvf^^ 

(4.1.2) ?£(^')=/3,nM')^»^ 
where we introduced operator /3(a,v) such that 

P dv '^^ dv" - 

Covariant representation of Lie group G in set M 

(4.1.3) c^ba 
satisfies to the system of differential equations 

(A 1 A\ 9f{a){v) - dp{a){v) , ^ 

(4.1.4) = )Xr[a) = )^rM(a) 

Contravariant representation of Lie group G in set M 

(4.1.5) c = ab 
satisfies to the system of differential equations 

(4.1.6) = i(v )Xi{a) g^^j = Cl(w )A/M(a) 

Proof. We express h through a and c and differentiate the equation'*'^ 

-f{cm=-f{b){-f{a){v)) 



^•^In the section [l]-2.4, we reviewed the general concept of representation of group. 
"^■^See equations [1]-(2.4.1) and [l]-(2.4.5). 
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4. Representation of Lie Group 



with respect to a 

df{h){v') db ^ dl{b){v') dv' _ ^ 
db da dv' da 

Left part does not depend on b, so and right part does not depend on b. We define 
right part when b = e. 

If the representation is covariant, then, from equations (4.1.3), (3.1.38), when 



ca ^ = e, it fohows that 



da 



Equation (4.1.4) follows from equations (4.1.1), (4.1.8), (4.1.7). 

If the representation is contravariant, then, from equations (4.1.5), (3.1.37), 
when a~^c = e, it follows that 

da ^ c 



9a 

Equation (4.1.4) follows from equations (4.1.1), (4.1.9), (4.1.7). □ 

Theorem 4.1.2. ^ is operator mapping algebra g to algebra of left- invariant vector 
fields on M . Element a G q ereates left-invariant vector field 

on manifold M . 

Proof. ^ maps algebra Lie g into tangent plane of manifold. If q G g depends 
on parametr t, we can write differential equation 

|=C(^')A/(a)V(a)^ 

If a is element of 1-parameter subgroup created by element a G g, then it satisfies 
equation Therefore using (3.1.19) we get 

du' 

—— = ^(u')Xr(a)'iJjr(a)a = ^(u')a 
dt 

□ 

4.2. Algebraic Properties of Representation 

Theorem 4.2.1. Let fi be the representation of group G in vector space Vi. Let 
/2 be the representation of group G in vector space V2. Let geometric object v is 
tensor product of geometric objects vi € Vi and V2 G V2 

(4.2.1) 7(a)(«i ®U2) =7i(a)(Wi) ®72(a)(U2) 

// representations /i and fi are covariant, then mapping f is covariant represen- 
tation of group G in vector space V = 'V\(i}Vi. If representations fi and /2 are 
contravariant, then mapping f is contravariant representation of group G in vector 
space V = Vi ^¥2- The representation f is called tensor product of represen- 
tations and 

(4.2.2) livi(E)V2) = Ci(wi) ® 1^2 +Fi 06(^2) 



4.2. Algebraic Properties of Representation 
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Proof. First of all let us show that we get new representation. If we apply 
transformations for a £ G and 5 G G consequently then we have 

2 3) l{a){fmvi ®V2))^ 7(a)(7i(6)(tJi) S5 72(6)(tJ2)) 

= 7i(a)(7i(6)(iJi))®72(a)(72(&)(tJ2)) 

Such if /i and /2 are covariant presentations then from (4.2.3) it follow, that 

l{a)g{h){v^®V2))=li{ab){v^)®l2{ab){v2) 

= f{ab){vi (g)V2) 

Therefore / is also covariant representation. If /i and /2 are contravariant presen- 
tations then from (4.2.3) it follow, that 

7{a)i7mvi(^V2)) = 7iiba)ivi) ®72{ba){v2) 

= f{ba){vi (^V2) 

Therefore / is also contravariant representation. 

Differentiating equation (4.2.1) with respect to a we get 

o A\ ^7 97i , ^ 972 

4.2.4) 7^ = ® /2 + /i ® ^— 

oa oa Oa 

We get (4.2.2) from (4.2.4) by definition when a = e. □ 

Why this important that /i and /2 are of the same type? We see from (4.2.3) 
that if /i is covariant representation and /2 is contravariant representation we 
cannot tell what should be in the right side of this equation: ab or ba. We still have 
family of transformation depending on a £ G. This dependence will be smooth and 
we can write down its derivative. However as we can see product of transformations 
from this family in general does not belong to this family. 

Theorem 4.2.2. Let vector space V be direct sum of vector spaces Vi and V2 

V = Vi®V2 

Let fi be the representation of group G in vector space Vi . Let /2 be the repre- 
sentation of group G in vector space V2. Let geometric object v is direct sum of 
geometric objects vi S Vi and V2 S V2 

(4.2.5) 7ia){vi (SV2) = 7iia)ivi) (B72{a){v2) 

If representations fi and /2 are covariant, then mapping f is covariant represen- 
tation of group G in vector space V = Vi ® V2. If representations fi and /2 are 
contravariant, then mapping f is contravariant representation of group G in vector 
space V = Vi © V2 • The representation f is called direct sum of representations 
and _ 

a...... ^ (?'<;■) 

Proof. We can just get derivative of mapping (4.2.5). □ 
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4. Representation of Lie Group 



4.3. Linear Representation of Lie Group 
Theorem 4.3.1. In case of linear representation 

(4.3.1) v'^J{a){v) na){v)^f]{ay 
basis vector of representation has form 

(4.3.2) av')=Iv' ei(v')^I^Lv'^ 

where we introduce infinitesimal generators of representation 

r 9f 



(4.3.3) 

Proof. If wc substitute 



da 



into (4.1.2), we get 



— P 



b=e 



□ 



Theorem 4.3.2. Linear covariant representation satisfies to diferential equations 



(4.3.4) 
(4.3.5) 



da" J 
df 



da 



If\r{a) 



Proof. (4.3.4) is corollary of (4.1.4) and (4.3.2). If we substitute (4.3.1) into 
(4.3.4), we get 

.u^^IS^XiUa)fS' 



(4.3.5) follows from this. 



da" 



□ 



Theorem 4.3.3. Linear contravariant representation satisfies to diferential equa- 
tions 



(4.3.6) 
(4.3.7) 



da" 

m 



da 



Proof. (4.3.6) is corollary of equations (4.1.6) and (4.3.2). If we substitute 
(4.3.1) into (4.3.6), we get 



8 



(4.3.7) follows from this. 



□ 



4.4. Algebraic Properties of Linear Representation 
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4.4. Algebraic Properties of Linear Representation 



Theorem 4.4.1. Let representations fi and /2 are either both covariant or both 
contravariant. Let representation f be their tensor product. Than 

(4.4.1) L = Ii®E2+Ei®l2 

Proof. Differentiating equation 

f{a) = h{a)®h{a) 

witli respect to a we get 



(4.4.2) 



df dfi 



' /2 + /l 



da 
- e. 



□ 



da da 

We get (4.4.1) from (4.4.2) by definition wlien a 

Theorem 4.4.2. /// is linear representation of group G in vector space M, then 
mapping h{a) = f{a^^) is also linear representation of group G in vector space M 

(4.4.3) L^.]^ = -//.}^ 

// / is linear covariant representation, then h is contravariant representation 
If f is linear contravariant representation, then h is covariant representation 



(4.4.5) 



If-iLflXiiiia) 



dhl 



'If-)LK^rM{a) 



Proof. From tlie theorem [1]-2.4.10. it follows that h is covariant representa- 
tion when / is contravariant. Similar way we prove the statement that h is con- 
travariant representation when / is covariant. Since the transformation inverced to 
linear also is linear, than the representation h is also linear. 

To prove the theorem we need to find infinitesimal generators of the represen- 
tation h. According to the equation (4.3.3) 



(4.4.6) Ih.]M 
It is evident that 
(4.4.7) 



dh){a) 



df]{a-') 



da^^ 



dfUa-^) 



da^^ 



dfji^da-^ 



N 



da-^-^ da^' 



dfKa) 



da-^-N 

From the equation (3.1.34), it follows that 
da-^-^ 

(4.4.8) 



da 



N 



If- 



jN 



da^^ 



e 

The equation (4.4.3) follows from equations (4.4.6), (4.4.7), (4.4.8). □ 
Theorem 4.4.3. Let vector space V be direct sum of vector spaces Vi and V2 

V = Vi®V2 
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4. Representation of Lie Group 



Let representations of group G in vector spaces Vi and V2 are either both covariant 
or both contravariant. Than we can define representation of group G in vector space 
V and 



Proof. Wc can just get derivative of mapping 

/ (a) [vi ®V2)=fi II [a) {v\^ e„ J + f^H (a) {v\^ e,, ) 

□ 



CHAPTER 5 



Differential Properties of Geometric Object 



5.1. Covariant Derivative 

We want to study how coordinates of the geometric object (4.3.1) cliange wiien 
we move along manifold. Wc assume that GL(n) is the main group of transforma- 
tions. Local basis has transformation 

Therefore 

If we introduce connection 



then we get 



^ /3p — Ip 



This allows us to introduce covariant derivative 
Consider commutator of two derivatives 

,.(3 



— ('^ I3k,l ^ I3l,k ^ jl^ pk ^ik^lil)'^ ^-'-kl";p 



2:T 



(5.1.1) v%i-v% = R-p^y-Tlvl 

5.2. Lie Derivative 

Vector field S,^ on manifold generates infinitesimal transformation 
(5.2.1) x"'^x^+eS!' 

which leads to Lie derivative. Lie derivative tells us how the geometric object 
changes when we move along the vector field. 

Consider the Lie derivative for geometric object (4.3.1). In this case we have 
transformation 

af = 6f + ea^i 



33 



34 



5. Differential Properties of Geometric Objeet 



According to (4.3.2), the geometric object (4.3.1) has Lie derivative 

z;"(a;') - v"^{x') _ (i'" + v%eaP) - f^{a)v^ 



e e 
e 

+ v^^eaP - - /^.i,((5f + ta\ - Sf )v^ 
e 

= vy^-il\ay 

We can express this derivative through covariant derivative 

= vla^-I$.iay+IliSliaPvP 
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CHAPTER 8 



Special Symbols and Notations 
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FjiaBa 1 



BBG^GHHe 

1.1. 06 3TOH KHHre 

3Ta KHHra ocHOBana na fliinjiOMHOM npoexTe, nanHcaHHOM mhoio b o;i,eccKOM 
yKHBepcHTCTe. Mne oneHb noBesjio, hto moh npenoflaBaTejib FaBpiijibT^eHKO Mh- 
xaiiji JIeoHH;;oBii'i npo^ieji Kypc jieKn,HH "Fpynnbi h ajire6pbi JIh". 3th jicki^hh 
6bijiH ocHOBaH Ha KHHre [2] . BnocjieflCTBHH h sanHcaji ypaBHCHHH rpyHHBi JIh ^jih 
KOHKpeTHoro cjiynaa HpeflCTaBjieHHH rpynnbi GL b bcktophom HpocTpancTBe reo- 

MCTpHHeCKHX o6'i>eKTOB. 

EcjiH Mbi paccMOTpHM KacaTejiBHoe paccjioeHne na flH4)4)epeHn,iipyeMOM mho- 
roo6pa3HH, to flBHJKeHne h3 cjioh b cjioh HopojKflaeT nenpepbiBHoe ceMeiicTBO npe- 
o6pa30BaHHH. KoM6HHHpyH flH(J)(|)epeHn,HajiijHijie ypaBnenHH SToro ceMeiiCTBa npe- 
o6pa30BaHHH H flH4)4)epeHH,HajibHbie ypaBHenna reoMeTpHnecKoro o6T>eKTa, mm no- 
jiyHHM ypaBHCHHii napajijiejiBHoro Hepenoca reoMCTpHHecKoro oSteKTa. 

BHOCjie;];cTBHH rpynna GL Sbijia 3aMeHeHa na HpoH3BOjH>Hyio rpynny JIh. Hmch- 

HO B TaKOM BH;i,e 3Ta TeOpHH 6l>IJia BKJIIOHeHa B KHHry. CoOTBeTCTBCHHO STOMy 

rjiaBbi KHHTH HMeiOT cjieflyiomee coflepjKaniie. IIpe^CTaBjieHHe rpynnbi JIpi tcc- 
HO CBa3aHO c TeopHeii /i,HcjD4)epeHH;HajibHbix ypaBHenHii. B rjiaBe 2 flano KpaTKoe 
H3jiojKeHHe reopHH flH4)4)epeHii;HajibHbix ypaBneHHii, nocBHmeHHoe bhojihc hhtb- 
rpnpycMbiM CHCTCMaM flH4)4)epeHLi;HajibHbix ypaBHCHHii. B rjiaBe 3 h 3anHCbiBaio 
^H4)(|)epeHn;HajibHbie ypaBHCHHH ^jih rpynnbi JIh. ^H4)4)epeHii,Hajibnbie ypaBnenHH 
npeflCTaBjieHHH rpynnbi JIh 3anHcaHbi b rjiaBe 4. 

1.2. CorjiameHHH 

(1) Be3 coMHenHH, y nnTarejiH mohx CTaTeii Moryr 6biTb Bonpocbi, 3aMeHaHHH, 
B03pajKeHHa. 51 Qypy HpH3HaTejieH jHo6oMy 0T3biBy. 
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FjiaBE 2 

^H4)4)epeHi],Hajii>Hi>ie ypaBHGHHH 



2.1. BnojiHe HHTerpnpyeMBie CHCTeMBi 

IlycTb^'^ HRM ^ana CHCTCMa nm ;i,H4)4)epeHLi;iiajiijHMx ypaBHenHii b nacTHbix 

npOH3BO/I,HbIX 

(2.1.1) = ijf{e\ = i^f{e,x) 

l<a<m l<i<n r = r x") 
3Ta CHCTeMa paspemena OTHOCHTejiBHO Bcex nacTHbix npoH3Bo;i,HMx h SKBHsajienT- 
Ha CHCTCMe ypaBHeHHH b nojiHbix flH4)4)epeHii;Hajiax 

HTo6bi HaiiTH ycjiOBHH HHTerpHpyeMOCTH, mbi flH4)4>epeHLi;HpyeM (2.1.1) no x-' . 



dx^dx^ dx^ 89°' dxi 

dxi d9<^ 
_ j_ J J_^<y 



dxWxi dx' 89" 
TaK KaK BTopaH npoiiSBOflnaH HenpepbiBHOii 4)yHKD,HH ne saBHCHT ot nopaflKa flHcJ)- 
4)epeHii,HpoBaHHa, mbi ojKHflaeM, hto 

Onpe/i;ejieHHe 2.1.1. Mbi nasbiBacM CHCieMy flHcJxJjepeHi^HajiBHbix ypaBHCHHii 
(2.1.1) BnojiHe HHTerpHpyeMoii CHCTeMoft, ecjin ycjiOBue (2.1.2) y^OBjieTBopeno 

TOJKfleCTBeHHO. □ 

PemcHHe Bnojine HHTerpHpyeMoii cncTeMbi (2.1.1) mojkho pasjioJKHTb b pafl 
Teiijiopa 

/ f)9^\ 1 / rP'9'^ \ 

(2X3) r . c" + (^) ^^^^ - 4, + - (_) ^^^^ - -.J) + 

3/i,ecb C"^ ^ OL < m) - KOHCTaHTbi, 



^'^TSi rjiaBa HaniicaHa no^ BJiHHtmeM [2| 
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2. ^HtJJcJ^cpcHi^HajiBHBic ypaBHeHHSi 



Mbi nojiyiMii ocTajibHbie K03(J)4)Hii,HeHTiji flHcJx^epeHi^HpoBaHiieM npaeofl: ^acTH 
(2.1.1) H noflCTaHOBKOH C" H Xq. Mbi roBopHM o peineHHH, Kor^a psfl (2.1.3) cxo- 
;i,HTCH. CorjiacHO leopeMe KoniH h KoBajieBCKOil sto cnpaBe/i,jiHBO, ecjiH ^/;" ana- 
jiHTHHHbi no BceM apryMCHTaM. 

B OKpeCTHOCTII TOHKH (xj, Xg), flJIH KOTOpOH pH/I, (2.1.3) CXOflHTCH, Mbl HMe- 

CM peineHHe 

(2.1.4) r = (^"(a;\...,x",C\...,C"") 

onpe;i,ejieHHoe m KOHCTaHTaMii. 

BosMOJKHO, ^TO ycjiOBHe (2.1.2) ne yflOBjieTBopenHO TOJKflecTBeHHO. Tor^a ch- 
CTCMa ;i,H4)4)epeHD;iiajiijHijix ypaBnenHH (2.1.1) ne HBjiaeTCH Bnojine HHTerpiipyeMOii 
H ypaBHeHHe (2.1.2) naKjiaflbiBaeT orpanHHenHH na 4)yHKLi;HH O". CjieflOBaTejiBHO, 
4)yHKLi,HH 9" y;i,OBjieTBopaK)T (2.1.1) h (2.1.2). IIpe^nojioJKHM, hto (2.1.2) naKjia- 
;i,biBaeT Si orpaHH^eHHii. Mbi flHcJx^epeHi^HpyeM hx no x'' n nojiynnM noBbie S2 
ypaBnenHH. Ecjin sth ypaBnennn ne yflOBjieTBopenti TOJKflecTBenno, mh MO>KeM 
noBTopHTb 3T0T npon,ecc cnoBa. 

TaK KaK Mbi ne MOJKeM HMeTb 6ojiee neM m orpannnennit, sxa n,enb o6pbiBaeTca:. 
EcjiH CHCTeMa flH4)4)epenD;Hajibnijix ypaBnennfl: (2.1.1) nivieeT penienne, sto penie- 
nHK yflOBjieTBopaeT BceM orpannnennHM, b npoTHBnoM cjiynae sth orpannnennH 

npOTHBOpeT^HBbl . 

TeopeMa 2.1.2. Heo6xoduMoe u docmamoHHoe ycAoeue cyuu,ecmeoeaHUH pemenuji 
cucmeMU ducfjcpepeniJiUaAbHux ypaeneHuu (2.1.1) - amo cymecmeoeaHue maKozo 
N, umo Si,...,Sn ajize6pauHecKu coeMecmuMu, u S'jv+i neAsiemcfi ux cAedcmeu- 
eM. EcAU Mu noAyuuAU p ozpaHUHCHUu, mo o6iu,ee pemenue aaeucum om m — p 
npou360AbHux KOHcmaHm. 

^OKASATEJTbCTBO. Mbi flOKasajiH, HTO 3T0 ycjiOBHe neo6xoflHMO. Tenepb mm 
noKajKeM, hto 3to ycjiOBne floCTaTonno. IIpeflnojioJKHM, hto mbi nojiynnjin p orpa- 
nHHennlt 

(2.1.5) $"^(6',x)=0 7 = l,...,p 
TaK KaK 

Rg 



9$T 



89" 

Mbi MO>KeM BbipasHTb p ncpeMennbix 9°^ nepes ocTajibnbie, nojibsyacb (2.1.5). Ecjin 
Mbi npaBHjibno nepenyMepyeM nepeMennbie, mh nojiynnM 

(2.1.6) 9" = (j>''{9P+\...,9'",x) i^^l,...,p 
Ho^CTaBHM (2.1.6) B (2.1.1) h npjiy^HM 

fif)a _ 

(2.1.7) —=^nO'"-\-,0"',x\-,xn a^p+l,...,m 

YcjiOBHe (2.1.2) y^OBjieTBopenno. CncTeMa fliKjxJjepeni^iiajibnbix ypaBnennii (2.1.7) 
Bnojine iinTerpnpyeMa n HMeei pemenne, saBHCamee ot m — p nponsBOjibnbix Kon- 
CTanT. HepBbie p ypabnenna yflOBjiexBopenbi b cnjiy (2.1.6), Kor^a 9^^^ , ...,9™ ,x 
HBjiHiOTCH penienHHMH (2.1.7). □ 



2.2. JlHHeiiHtiH flHtJ^cJ^epcHi^HajiBHBiH oncpaTop 
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2.2. JlHHeHHbiii /^HcJxJjepeHi^HajiBHBift onepaTop 

nycTb flaHbi r /i,H(|)4)epeHn,Hajii>Hi>ix onepaTopoB 

(2-2.1) ^'^^^^^S 
OnepaTop (2.2.1) jiHHeen 

Xaif + g) = Xaf + Xa9 

Xa{Xf)^XXaf const 
npoH3Be/i,eHHe 3thx onepaTopoB hmcct bh/i, 



(2.2.2) iXa,Xb)f = XaXb/ - XfeX,/ - (Xaeb - Xba)- 



Mbi HcnojibsOBajiH (2.2.1) na nocjie/i,HeM mare. 3to ne onepaTop BH^a (2.2.1). Op,- 
HaKO TaK KaK BTopoe cjiaracMoe chmmctph^ho OTHOCHTejiBHO a h 6, mbi MOsceM 
onpe/i,ejiHTB KOMMyiaTop 

dx^ 

3to jiHHeiiHaH onepaii,Ha: ii mbi sobcm ee cko6koh HyaccoHa. Kocaa CHMMCTpHa 
3Toro KOMMyTaTopa cjie^yeT h3 (2.2.2). 
IIpocToe BBiHHCjieHHe noKasBiBaeT, hto 

a/ 

' dx^ 



(2.2.3) {{X,,X,),X,)f = {{Xa,X,)e, ~ X^iX^a ~ X,ea))i^ = 



_(da^ ae, ^ , ,,,, d^a , ag ^ , ,,,, \ a/ 

" "^-^ dx>^ '^''^^'^''dxPdx'i dx"^^' ^^'^"dxPdx'i J dx^ 

EcjiH MBI HSMeHHM HopHflOK napaMeipoB, MBI OKOHHaTejiBHO nojiyiiiM ypaBHCHHe 

(2.2.4) {{Xa,Xb),X,)f + {{Xb,Xc),Xa)f + {{Xc,Xa),Xl,)f = 

(2.2.4) - 3TO ycjiOBiie 51ko6h. 

TeopeMa 2.2.1. KoMMymamop auhcuhou K0M6uHa'nuu onepamopoe 

X'a = X'^^Xb 

ede AJ^ - (fiyHKV,uu x, eupaofcaemcsi nepea smu onepamopu u ux KOMMymamopu 

(2.2.5) {X'„ X',)f - pitXdf - fiiaXdf + X'XiXb, Xd)f 
flOKASATEJibCTBO. KoMMyTaTop HMeeT bh;; 

{Xa,X'Jf = {X^Xb, X'^Xd)f 

(2.2.6) = XiXbiXiXdf) - XtXaiX^Xbf) 

= X^XbX'^Xdf + X^XfXbXdf — X'^XdX^Xbf — A^A^^XrfXb/ 
(2.2.5) cjie^yeT h3 (2.2.6), ecjiii nojiojKiiTB 

A'ac ~ X^^XbX'j: 
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2. /]^H4>45CpCHIj;HaJIBHBIC ypaBHGHHa 



□ 

2.3. IIojIHclH CHCTGMa JIHHeHHfalX /i,H4)4)epeHi;HajiijHtix ypaBHGHHH B 

HaCTHtlX npOH3BO/i;HbIX 

Tenepb mm xothm iisynvLTb CHCTCMy /i,Hc}54)epeHn,Hajii>Hi>ix ypaBHeHiiii 

(2.3.1) Xaf^O Xa^Cag- l<i<n l<a<r 

Mbl nOJIOJKHM, HTO 

(2.3.2) ranklieil =r<n 

3to SHa^^HT, HTO ypaBHenHH (2.3.1) jiHHefiHO HesaBiicuMBi. 

EcjiH r = n, TO, oneEHflHO, efliiHCTeeHHoe peineHHe Gy^eT / = const. YTBep- 
jKfleHHe, HTO KEJKfloe peineHHe ypaBnenHH (2.3.1) HBjiaeTCH TaKJKe pemeHneM ypaB- 

HeHHH 

(2.3.3) {Xa,Xb)f = 
cjieflyeT h3 (2.2.2). Ecjih 

(2.3.4) (X„Xb)/ = 7a6^c/ 

Tflfi 7 - 4)yHKH,HH X, TO CHCTeMa /],H4)4)epeHn,HajibHBix ypaBnenHH (2.3.1) n (2.3.3) 3k- 
BHBajienTna cncTeMe /i,H4)4)epenn,HajiBnbix ypaBnennii (2.3.1). Mbi ne MOiKeM snaTb 
sapanee, naKjia/i,biBaeT jin (2.3.3) noBbie ycjiOBna na (2.3.1). HpHCoe^HnHM k ch- 
CTeMe flH4)4)epenu;HajnjHijix ypaBnennfi (2.3.1) Te ypaBnenna: cncTeMbi (2.3.3), ^jia 
KOTopbix ne cnpaBefljiHBO (2.3.4). IlojiyHHM s ypaBnemiH, s > r. fljia hoboh cncTe- 
MM noBTOpHM TOT JKB npou,ecc, nojiyHHM t ypaBnennii, t > s, n t. fl.. 

B pesyjiBTaTe nocjieflOBaTejibnocTn yxasannBix flencTBHii mm MOJKeM nojiynnTb 
n ypaBnennii. B stom cjiynae cncTeMa ;];n4)4)epenn,Hajibnijix ypaBnennii (2.3.1) hmc- 
eT eflnncTBennoe penienne / = const, TaK kslvl 

dx'- 

B npoTHBnoM cjiynae mbi nojiynnM u ypaBnennii, u < n, f^jisi KOTOpbix BBinojina- 
ctch ycjiOBne (2.3.4). B stom cjiynae nojiynennaa cncTCMa fln4)4)epenn,Hajibni>ix 
ypaBnennii nasbiBaeTca: nojiHoii nopaflKa u. Penienne cncTCMbi fln4)4)epenii;najib- 
nbix ypaBnennii (2.3.1) sBjiaeTCH penienncM nojinoii cncTCMbi fln4)4)epenu,najibnbix 
ypanneniiii. 

TeopeMa 2.3.1. Ecau cucmeMa ducfiifiepeH'nuaAbHux ypaeneHuu (2.3.1) noAua, mo 
noAHa maKciHze cucmeMa ducfjcfjepemi^uaAhHux ypaeneHuu 

(2.3.5) X'J = \lX,f = 
zde A cfjyHK'nuu x 

(2.3.6) det ||A|;|| 7^ l<a,6<r 

^OKASATEJibCTBO. Hs (2.3.4) cjieflycT, HTO npaBaa CTopona (2.2.5) jinnenna 
OTnocHTejibno X^/, KOToptie b cnjiy (2.3.5), (2.3.6) jinneiino BbipajKaeTCH nepea 
onepaTopbi X'^f . CjieflOBaTejitno, ns (2.2.5) nojiynnM BbipajKenna Bn^a (2.3.4), 
nTO H flOKasbiBacT yTBepjKflenne. □ 



2.4. CymeCTBCHHbIC napaMCTptl CCMCflCTBa 4>yHKi^HH 
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B CHjiy (2.3.2), ne napymaa o6ni,HOCTii, nojiojKiiM 

(2.3.7) det||^*||7^0 l<i,a<r 

CjieflOBaTCjibHO, mbi MOJKeM paspeniiiTb ciiCTeMy flHc|)43epeHD;HajiijHijix ypaBHeHiiii 
(2.3.1) OTHOCiiTejibHO h saniicaTb pesyjibxaT b Biifle 

(2.3.8) X'J^-^+^Pl^^O a = l,...,r t = r + l,...,n 

3th ypaBHeima hmbiot bh^ (2.3.5) h, cjieflOBaTCjibHO, o6pa3yiOT CHCieMy flHcJjcjje- 
peHn,HajibHbix ypaBHemiii, SKBiiBajiCHTHyio CHCTeMe (2.3.1). 

IlojiHaH CHCTCMa flH4)4)epeHD;HajibHijix ypaBHeHHft, npeflCTaBjieHHaa b bh^c (2. 3. J 
HasbiBaeTca HKo6HeBOH. 

TeopeMa 2.3.2. IIoAHaji cucmeMa ducfjcfjepeH'nuaAbHux ypaeneHuu (2.3.1) uMeem 
moHHO n — r neaaeucuMux pemeHuU. 

^OKASATEJTbCTBO. AnajiornHHO paBeHCTBy (2.3.4) mbi iiMeeM 

(2.3.9) {X',,Xl)f^i^M 
H3 (2.2.2) H (2.3.8), cjieflyeT, hto 

(2.3.10) (X;,X0/ = (X,V4-^6V'i)^ t = r + l,...,n 

TaK KaK ^7 He bxoaht b (2.3.10), 7^^^, = 0. CjieflOBaTCjibHO, fijin hojihoh 

CHCTeMbI B HK06HeB0H (JjOpMC 

(x;,x;;)/ = o 
x^^l - Xb^l = 



^'^ dxi dx'' dxi 



(2-3.11) -K^+i^ll^^ia+ii^ a,6 = l,...,r p, g = r + 1, n 



CpaBHHBaH (2.3.11) h (2.1.2), mbi bh;i,hm, hto CHCTCMa fliKjxJjepeimiiajiBHBix ypaB- 

HeHHII 

dx^ 

(2.3.12) 9^=^- a = l,...,r p = r + l,...,n 

BHOJine HHTerpiipyeMBi. Corjiacno leopeMe 2.1.2 CHCTCMa fliKjxJjepeHn^iiajiBHBix ypaB- 
HeHHft (2.3.8), a cjicflOBaTejiBHO, CHCTCMa flH4)4)epeHD;HajiBHBix ypaBHennft (2.3.1) 
^onycKaiOT n — r nesaBHCHMBix peniennft, h 6ojiee n — r nesaBHCHMbix pemenHH 
CHCTeMa flH4)4)epeHu;HajiBHBix ypaBHCHHii (2.3.1) hmctb ne MOJKeT. □ 

2.4. CymecTBeHHbie napaivieTpbi ceMeflcTsa 4)yHKLi,HH 

Onpe/i,ejieHHe 2.4.1. IlycTb ;i,aHbi n (J)yHKu;HH 

f{x^,...,x'\a^,...,a''),i ^ l,...,n 

OT nepeMeHHbix x^, x" h ot napaMCTpoB a^, a"". Mbi npe^nojiaraeM, hto 4)yHK- 
ii;hh /* HCHpepbiBHbi HO x^,...,x" H a^,...,a^. HpeflHOJiaraeTCH TaKJKC, ^^to nenpe- 
pbiBHbi Hx npoHSBOflHbie jiio6oro HopaflKa. Mbi nasbiBacM napaMeTpbi a^, a*" cy- 
mecTBGHHijiMH napaMeTpaMH, ecjiH ne cymecTByeT 4)yHKii;HH , A^^^ , 3a- 

BHCamHX TOJIbKO OT O^, ...,a^, TaKHX, HTO HMCeiOT MeCTO TO>K^eCTBa 

(2.4.1) f{x,a)=F^{x,A) 

□ 
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2. ^HtJjt^CpCHI^HaJIBHBIC ypaBHGHHSI 



TeopeMa 2.4.2. /I^Afi mozo, nmoBu r napaMempoe a" 6uau cymecmeeHHU, Heo6- 
xoduMO u docmamoHHO, Hmo6u (fiyHKtJi,uu p He ydoeAemeopjiAU HunaKOMy ypaene- 
Hum euda 

(2.4.2) '/>"-?^ = 

^ ' ^ da" 

zde (f>" ^ 0. 

^OKASATEJlbCTBO. IIpeflnojioJKHM, HTO napaMBTpti a ne sbjihiotch cyme- 
CTBeHHbiMH. Tor/i,a cymecTByiOT A trkhc, hto (2.4.1) y;i,OBjieTBopeHO h 



rank 



< r 



da" 

CjieflOBaTCjiBHO, cymecTByiOT 4)yHKD;Hii (j}°'{a) ^ TaKHC, ^^to 



^ da" 

TaKHM o6pa30M, (JsyHKi^im , ^' "^ ii jiio6aH iix 4)yHKLi,Ha '^{A) TaKace y^OBjie- 

TBOpHIOT (2.4.2). OyHKLI.IIH B (2.4.1) HBJIHIOTCH npHMepRMH 4>yHKII,HII $. Cjie- 

;i,OBaTejiBHO, ecjiH /' ne saBHcai cymecTCHHO ot a", ohh y;];0BjieTBopaiOT CHCTCMe 
(2.4.2). 

06paTH0, nojiojKHM, hto 4)yHKii;HH /' y;i,0BjieTBopHiOT ypaBHenHio (2.4.1) fljia 
HeKOTopbix 4)yHKii,Hii 4>" . 3to ypaBnenHe hmcct r — 1 nesaBHCHMbix pemeHiiH A^ , 

A^~^, KOTOpbie HBJIHIOTCH 4)yHKII,HHMH OflHHX fl" H JIIo6oe pemeHIie CHCTCMbl 

(2.4.2) HBjiaeTCH (J)yHKn,HeH A^ , A^^^ . Cjie;i,OBaTejibHO, KajK^aa h3 4)yHKipift 
HBjiaeTCH cjDyHKiiHeH x^, ...,x" H A^, ^'"""'^ H a^, a*" ne sbjihiotch cymecTBen- 

HblMH. □ 

SaMenaHHe 2.4.3. Ha TeopeMbi 2.4.2 cjie^yeT, hto ecjiH 4)yHKi],HH /* y^OBjieTBO- 
pHiOT nojiHOii CHCTCMe s ;i,H4)4)epeHLi;iiajibHbix ypaBHCHiiH 

(2.4.3) '^-'^^^ a = l,...,r a = l,...,s<r 

TO /* SBJIHIOTCH cj3yHKLI,HHMH X II r — S HCSaBHCHMblX penieHIIII CHCTCMbl (2.4.3), 

HBjiHioiu,HxcH 4)yHKii,iiaMH o;i,Hiix a, II /* BbipajKaiOTCH, cjicflOBaTCjibHO, T^epes r ~ s 
cymecTBCHHbix napaMCTpoB. □ 

Mbi MoaccM iiHTepnpcTiipoBaTb ciiCTCMy ypaBHCHHii (2.4.2) KaK ciiCTCMy jihhch- 
Hbix ypaBHCHHii othochtcjibho (j)" . Hs jihhchhoh ajirc6pbi cjic^ycT, hto pcniCHHH 

CHCTCMbl (2.4.3) HOpOJKflaiOT BCKTOpHOC HpOCTpaHCTBO, H TOJIbKO HpH yCJIOBHH 

df 



(2.4.4) ^0 = rank 



da" 



CHCTCMa JIHHCHHblX ypaBHCHHii (2.4.3) HMCCT CflllHCTBCHHOC pCUICHHC (j>" = 0. Ta- 
KHM o6pa30M, H3 saMBHaHHii 2.4.3 cjic^ycT, hto napaMCTpbi cymecTBCHHbi, ccjiii 

BblHOJIHCHO yCJIOBHC (2.4.4). 

/^onycTHM p,{) < r. ^H4)4)cpeHii;iipyH CHCTCMy flH4)4)cpcHii,HajibHbix ypaBHCHHH 
(2.4.2) HO a;-', mbi nojiyniiM 



2.4. CymeCTBCHHbIC napaMCTptl CCMCflCTBa 4>yHKi^HH 
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IlyCTb 

(2.4.6) ^i=rank(|^ ^] 

OneBiiflHO, T^TO [ix > fiQ. Ecjiii fii ~ r, to CHCTCMa jinHeiiHbix ypaBHemiH (2.4.5) pp- 
nycKacT efliiHCTBeHHoe pemeHiie (f>°' ~ 0. CjieflOBaTCjibHO, napaMCTpbi cymecTBCH- 

Hbl. 

Hojiaraa: 

ji ^ J 

nocjieflOBaTejiBHBiMH /i,H4)4)epeHn,HpoBaHHaMH (2.4.2) nojiyniiM 

dp 

(2.4.7) = 

0603HaHHM 



(2.4.8) fig = rank 



da"' da°' 9a" / 

TaKHM o6pa30M mh nojiyniiM nocjie/i,OBaTejibHOCTi> panroB 
(2.4.9) Mo < A^i < •■■ < <-<r 

TeopeMa 2.4.4. Hucao cyutficmeeHHUx napuMempoe, uepes Komopue eupaatca- 
mmcfi cfjyHK'nuu f^{x,a), paeno MaKCUMaAbHOMy HUCAy, codepcHcaineMycM e nocAe- 
doeameAbHocmu (2.4.9). 

^OKASATEJTbCTBO. EcjiH KaKoe-HiiGyflb fis paBHO r. TO 0" = H r napaMCT- 
poB cymecTBeHHbi. 

IIpeflnojiojKHM, /is_i < r H /.is = jig-i- Hs STOro yTBepjKflemia: cjie^yeT 

t<s 

/lH4)4)epeHn,Hpya paBencTBO (2.4.10) no x^, mbi nojiyHHM 

dP,h-o.p ^ sr- 'ykt...kt ^pM-ktP 
da" ^ da" 

t<s 

E xfci...fct ^/fcl-.-fctP I \ ' ^kl...kt^h...h, df 
t<s — l t—s~l,u<s 



CjieflOBaTejiBHO, fJ-s+i = fJ-s-i- 

TaK KaK /is < r, H ciiCTCMa jinneimbix ypaBnenHH (2.4.2), (2.4.7) HMeeT panr 
Ms J TO r — Ms 113 4)yHKLi;HH (f)" MoryT Sbitb Bbi6paHbi npoiiSBOjibno, npiineM ocTajib- 
Hbie nojiHOCTbio onpeflejiaiOTCH sthm Bi>i6opoM. Bosbmcm 0^, 0*"^^^ 4)yHKD;HHMH 
o;i,HHx TOJibKO a. Tor^a 

(/)" = X'^^(j)P p = 1, ...,r - Ms cr = r - Ms + 1, 

Tflfi X - 4)ynKn,Hs ot a; h a. CooTBexcTBeHHO STOMy cyni,ecTByeT r — fis nesaBHCHMbix 
ypaBHeHHH (2.4.2). KoMMyTaTop jiioGbix flByx h3 sthx ypaBneHnii, npHpaBHennbin 
0, HMeeT /' B KanecTBe pemenHii, nosTOMy on HBjiaeTCH jiiiHeiiHOH KOM6HHan,HeH 
flaHHbix ypaBHeHiiit. Cjie^OBaTejibno, sth ypaBnenHH oGpaayiOT nojinyio CHCTCMy. 
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2. /l^HtJJt^cpcHi^HajiBHBic ypaBHeHHSi 



TaKHM o6pa30M, /i,aHHbie 4)yHKLi,HH BbipasKaiOTCH nepes Hs cymecTBennbix napa- 

MeTpOB. □ 



FjiaBE 3 



Fpynna Jim 



3.1. Onepai^Hsi Ha rpynne JIh 

ITycTb G HBjiHeTCH r-napaMeTpH^ecKOii rpynnoii JIh c onepan,HeH 
(3.1.1) 03=99^(01,02) 03 = 0102 

H HeitTpajibHijiM sjieMeHTOM e. 

Bee onepaTopbi, KOToptie mbi onpeflejiHM hhjkc CBHsanbi c npe;i,eTaBjieHHaMii 
jiCBOro II npasoro CflBiira 11 6yflyT iiMeTb flonojiHiiTejiBHbiii HH;i,eKC r iijiii /, roBO- 
pHmiiii HaM, KaKOH Tiin cflBHra ohii oniiebiBaiOT. 

CnepBa mm BBe;i,eM onepaTopbi 

(3.1-3) = 

KaK npoiiSBOflHaa jiesoro 11 npaBoro CflBnroB. 
TeopeMa 3.1.1. 

(3.1.4) Ar{a,bc)Ar{b,c) ^ Ar{ab,c) 

(3.1.5) Ai{ab,c)Ai{a,b)=Ai{a,bc) 
^OKASATEJibCTBO. OnepaD;HH aecoLi;iiaTHBHa 

(3.1.6) a{bc) = {ab)c 

Ilojibsyjicb npasiijiOM flHcjjeJjepeHi^iipoBaHiiH cjiojkpioh 4)yHKii,Hii, mbi MOJKeM naiiTii 
npoiiSBOflHbie 3Toro paBencTBa 

da{bc) dbc d{ab)c 



(3.1.7) 
(3.1.8) 



dbc dc dc 

da{bc) d{ab)c dab 



da dab da 

(3.1.4) ejieflyeT h3 (3.1.7). (3.1.5) ejie^yex 113 (3.1.8). □ 
TaK KaK oe = o II e6 = b, mm nojiynaeM paBencTBa 

(3.1.9) A,f(o,e) = <Sf 

(3.1.10) Ar^{e,b) = S'' 



L 



TeopeMa 3.1.2. Onepamop Ai {a, b) uMeem o6pamHuu onepamop Ai(ab,b ) 

(3.1.11) A^\a,b) = Ai{ab,b-^) 
Onepamop Ar{b,c) UMeem o6pamHuu onepamop Ar{b^^,bc) 

(3.1.12) A~^{b,c) = Ar{b-\bc) 
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16 3. Fpynna Jlii 

^OKASATEJibCTBO. CorjiacHO (3.1.4) MM HMeeM (a ~ b^^) 

(3.1.13) Arib~\bc)Ar{b,c) = Arib'^b^c) = A(e,c) =6 

(3.1.12) cjieflyeT h3 (3.1.13). 

CorjiacHO (3.1.5) mm HMeeM {c = b~^) 

(3.1.14) Ai{ab, b-^)Ai{a, b) = Ai{a, bb'^) = A,(a, e) ^ 5 

(3.1.11) cjieflyeT h3 (3.1.14). □ 
TeopeMa 3.1.3. Onepamopu Ai{a,b) u Ar{a,b) o6pamuMU. 

^OKASATEJlbCTBO. 3tO CJieflCTBHC TCOpeMbl 3.1.2. □ 

Mb: onpe^ejiHM 6a30BBie onepaTopbi rpynnti JIh 

(3.1.15) VrAr(») = ^rAr(a, e) ipria) = Ar{a,e) 

(3.1.16) i>i'i^{b) = Ai%{e,b) Mb)=Me,b) 
Ha (3.1.9) H (3.1.10) neMefljieHHO cjieflyex, hto 

(3.1.17) ^/f(e)=<5f 

(3.1.18) ^.f(e)=5f 

Ho onpeflejieHHio 6a30Bi>ie onepaTopti jiHuefmo OTo6pa>KaiOT KacaTejiBHyio njioc- 

KOCTb TeG B KaCaTejIBHyiO njIOCKOCTB TaG. 

TeopeMa 3.1.4. Onepamopu ipi u tpr o6pamuMU. 

^OKASATEJibCTBO. 3to cjieflCTBue TeopeMBi 3.1.3 h onpeflejieHHit (3.1.16) h 
(3.1.15). □ 

TaK KaK onepaTopBi ipr h ipi HMeiOT oSpaTHBie onepaTopBi mbi onpeflejiHM one- 
paTopBi 

(3.1.19) A,.(a) = Vr^(a) 

(3.1.20) A,(a)=^-i(a) 

KOTOpBie OTo6pa}KaiOT TaG TeG 

TeopeMa 3.1.5. 

(3.1.21) Xr{a) = Ar{a-\a) 

(3.1.22) Xi{a)^Ai{a,a-^) 
^OKA3ATEJlbCTBO. CorjiacHO (3.1.20), (3.1.16) h (3.1.11) mbi nojiynHM 

A/(a) = A~^{e,a) = Ai{a,a-^) 

3to ;i,0Ka3BiBaeT (3.1.22). 

CorjiacHO (3.1.19), (3.1.15) h (3.1.12) mbi nojiyniiM 

Xr{a) = A^^{a, e) = Ar{a~^,a) 

3to ;i,0Ka3BiBaeT (3.1.21). □ 

TeopeMa 3.1.6. 

(3.1.23) Ar{a, b) = ?/>^(a&)A^(6) 

(3.1.24) Aiia,b)^iniab)Xi{a) 



3.1. OncpaLi;H5i Ha rpynnc JIh 
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^OKASATEJlbCTBO. IIojlOXiHM C = e B (3.1.4) 

(3.1.25) Ar{a, b)Ar{b, e) = Ar{ab, e) 
Ha paseHCTB (3.1.15), (3.1.25) cjie^yeT 

(3.1.26) Ar{a, h)il}r{h) = ipriab) 
Ha (3.1.26) cjieflyeT 

(3.1.27) Aria, h) = i;r{ab)^~^{b) 

(3.1.23) cjieflyeT h3 (3.1.27) na ochobrhhii (3.1.19). 
IIojiojKHM a = e B (3.1.5) 

(3.1.28) Ai{b,c)Ai{e,b)=Ai{e,bc) 
Ha paBencTB (3.1.16), (3.1.28) cjie^yeT 

(3.1.29) Aiib,c)Mb)=Mbc) 
Ha (3.1.29) cjieflyeT 

(3.1.30) Ai{a,b) = i;i{ab)^r\a) 

(3.1.24) cjieflyeT Ha (3.1.30) na ocHOBaniiH (3.1.20). □ 
TeopeMa 3.1.7. Onepav,uji zpynnu JIu ydoeAemeopsiem du(fi(fiepeH'u,uaA'bHOMy ypae- 

HCHUm 



(3.1.32) ^4%^ = i^iHab)Xil{a) ^ = V^z(a&)A,(a) 

^OKASATEJIbCTBO. (3.1.31) HBJIHeTCH CJieflCTBHCM paBCHCTB (3.1.23) H (3.1.2). 

(3.1.32) HBJIHeTCH cjieflCTBHCM paBeHCTB (3.1.24) H (3.1.3). □ 
TeopeMa 3.1.8. 

(3.1.33) ^ = _^;(a-i)A,(a) 

oa 

(3.1.34) ^ =_^^(a-i)A,(a) 

oa 

^OKA3ATEJlbCTBO. flH434)epeHii,HpyH paBeHCTBO e = a~^a no a, mbi nojiyTiHM 

paBCHCTBO 



da~^ da da 
= ^;(a"\a)-^ V Ar{a~^,a) 

= -A-^{a-^,a)A,\a-\a) 
HojibayHCb (3.1.21) h (3.1.22), mbi nojiyHHM 

(3.1.35) ^^ = _Ar^(a-^)A,(a) 

(3.1.33) cjieflyeT Ha (3.1.35). 
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3. Fpynna Jin 



/lH4)(|)epeHLi,iipyH paseHCTBO e = aa ^ no a, mm nojiynnM paBencTBO 



da da ^ da 

= Ai{a,a-^) + Ar{a,a-^)—— 

da 



da 

IIojibsyHCb (3.1.21) H (3.1.22) mh nojiy^HM 

(3.1.36) ^ = -X;Ha-')Xi{a) 

da 

(3.1.34) cjieflyeT iis (3.1.36). □ 
Teopeivra 3.1.9. 

(3.1.37) %^ = -Ma-'b)^j-\a) 

da 

(3.1.38) = -A{ba-')tPr\a) 

^OKASATEJibCTBO. HojibsyHCb npaBHjiOM flH4)(J)epeHLi,HpoBaHHfl: cjiojkhoh 4)yHK- 
ipm H paBencTBaMH (3.1.24), (3.1.33), mh nojiyHHM 

da-^b _ da-^bda-^ 
da da^^ da 

(3.1.39) = -Ai{a-\b)Ma-^)Xria) 

= -4nia-'b)^P^\a-')Ma'')^ria) 

(3.1.37) cjieflyeT h3 (3.1.39). 

HojibsyHCB npaBHjiOM /i,H4)4)epeHn,HpoBaHHa cjiojkhoh 4>yHKn,HH h paBcncTBa- 
MH (3.1.23), (3.1.34), Mbi nojiyHHM 

dba-^ _ dba-^ da'^ 
da da^^ da 

(3.1.40) = -Arib,a~^)i^ria~^)Ma) 

= -Mba-^)i';\a-^)i'r{a-^)\i{a) 

(3.1.38) cjieflyeT h3 (3.1.40). □ 

3.2. l-napaMeTpHHecKaa rpynna 

EcjiH MHoroo6pa3He rpynnti iimcct pasMepnocTb 1, mbi HMeeM rpynny, saBn- 
CHmyio OT 1 napaMeipa. B stom cjiynae onepaD,HH na rpynne iimcct bh/i, 

c — (p{a, b) 

rpfi a,b,c - HHCjia. B stom cjiy^ae nania sanHCt 6yfleT ynpomena. HaM flanbi ne 
onepaTopbi, a (^pyuKu^im 

dip{a,b) 



Ai{a,b) 
Ar{a, b) 



da 
dip{a, b) 
db 



3.2. l-napaMCTpHHCCKaa rpynna 
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KOTopbie no onpeflejieHHK) yflOBjieTBopaiOT ypasHeHHio 

Ai{a,e) = 1 
Arie,b) = 1 

Mm TRKJKe onpe/i,ejiiiM 6a30Byio 4)yHKii;iiio 

Tpria) = Ar{a, e) 

OyHKi^HH ipr (a) H ipi i'^) HHKorflR He oGpaniaiOTca: b h 

Xr{a) 

Ma) 



1 



Ma) 

TeopeMa 3.2.1. Onepai^uR na l-napaMempuuecKou gpynne JIu ydoeAemeopjiem 
ducl}(fjepeHV,uaAt>HUM ypaeneHUHM 

9 n dip{a,b) _ jjrjab) 

^'^ ^ db ~ Mb) 

/I,OKA3ATEJlbCTBO. 3to cjieflCTBHC paBCCTBa (3.1.31). □ 

TeopeMa 3.2.2. Mu momccm onpedeAumb Koopdunamy A na l-napaMempuuecKou 
zpynne maKUM o6pa30M, umo onepav,u.H $ na zpynne UMeem eud 

(3.2.2) ^{A,B)^ A + B 

u E = - eduHuv,a zpynnu. 

^OKASATEJibCTBO. Mbi onpcflejiHM HOByio nepeMeHHyio A laKHM oGpasoM, 

da 



(3.2.3) dA 

i/v(a) 

TaK KaK 4'r{a) ^ 0, cymecTByiOT B3aHMHOo;i,H03HaHHoe OTo6pa>KeHHe A = F{a) h 
ero oGpaTHoe OTo6pajKeHHe a = f{A). 3to snaHHT, ^to ecjm A = F{a), B = F{b), 
C = F{c) H c = <p(a, 6), TO cymecTByeT 4)yHKn,HH $ TaKaa, hto 

C = <^>{A,B)^F{^{a,b)) 
Mbi nojiyHHjiH npoHSBOflHyio 

9^(A,^) _ dC dip{a,b) db 
dB ~ dc db dB 
HcnojibsyH (3.2.3) h (3.2.1), mbi nojiyniiM 

d^{A,B) _ 1 Mc) , 
dB ~Mc)Mb) 
TaKHM o6pa30M, mbi nojiynHjin 

(3.2.4) ^A,B)=({A)+B 
EcjiH Mbi BOSbMCM peineHHe ypaBHeniiH (3.2.3) b Bii^e 

da 



A 



ipr{a) 
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3. Fpynna Jlii 



TO MM yBH^HM, ^TO A = - eflHHHi],a rpynnbi. Ecjih mm hojio^khm B = b (3.2.4), 
MM nojiyHHM 

(3.2.5) A^^{A) 

(3.2.2) cjieflyeT h3 (3.2.4) h (3.2.5) □ 

3.3. IIpaBBiH cflBHr 

JXjir npaBoro cflBHra [1]- (2.4. 14) CHCTCMa (3.1.31) npHHHMacT bh/i, 

(3.3.1) __ = ^^K^b')Xrl{a) 

cDyHKn,HH b'^ hbjihiotch pemeHHeM ciiCTeMti (3.3.1) h corjiacHO [1]-(2.4.14) ohh 

SaBHCHT OT KOTOpbie Mbl MOJKCM npCflnOJIOiKHTB nOCTOHHHBIMH. TaKHM 

o6pa30M, pemcHHe chctcmbi (3.3.1) aaBHCHT ot n npoH3BOjibHbix KOHCTanT h, cjie- 
;i,OBaTejibHO, CHCTCMa (3.3.1) Bnojine HHTerpHpyeMa. YcjiOBiie ee HHTcrpiipyeMOCTH 

HMeeT BHfl 

^^^A,.p(a) + ^rrib - 

CorjiacHO (3.3.1), mm MOJKeM sanncaTb sto ycjiOBHe b 6ojiee npocTOii 4)opMe 
^Mp^4(5')A,.}^(a)A,.?(a) + V..^(&')^^ = 

= ^^|Pv'4(&')A.)^(a)A.5X«) +^.^(&')^^ 

= ^.^(6')^.?(a)V.^(a) - 
Mbi onpeflejiHM npaBbie CTpyKTypHbie KOHCxaHTBi ajire6pM JIh 

(3.3.2) = i>4{a)i^r^{a) ( ^^^^M _ d^^M 



Tor^a MBI nojiyi^HM 



(3.3.3) ^J^^^ib') - ^M(^^4(5') = Cr^y^^^Ub') 

Ecjih mbi npofliicJxJjepeHi^HpyeM 3to paBCHCTBO no a^, mbi nojiyniiM 

TaK KaK iprif{b') He saBiiciiT OT a. B Tosce BpeMH iprij{b') jiiiHeiiHO nesaBiiciiMBi, 

<'ij\ 



TaK KaK c?ei||?/'r[/|| 7^ 0. CjieflOBaTejiBHO, 



daP 



3.3. IlpaBbiH cflBHr 
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H Crj'Y HBJIHHDTCH KOHCTaHTaMH. Mbl HaSblBaeM HX CTpyKTypHblMH KOHCTaHTaMH. 

Ha (3.3.2) cjieflyeT, hto 

(3.3.4) Crl^yXjAa)Xrl{a) = - 
Mbi HasbiBaeM (3.3.4) ypaBHeHHCM Maypepa. 

TeopeMa 3.3.1. BeKmopnue noAM, onpedeACHHue du^^epeHn^uajimuM onepamo- 
poM 

(3.3.5) Xrv = i^r^ia)^ 
AuneuHO HeaaeucuMU u ux KOMMymamop UMeem eud 

[XrTiXrv) = CrTV-^rU 
^OKASATEJTbCTBO. JiHHeHHaH HeSaBHCHMOCTB BeKTOpHblX HOJieH CJICflyeT H3 

TeopcMbi 3.1.4. Tor^a mh bhahm, hto corjiacHO (3.3.3) 

d 



AtW Avia) 



9-0^^ (a) \ d 



da^ J da 



□ 



ITycTij 3a;i,aH roMOMopcjDiiSM f : Gi ^ G l-napaMeTpHHecKolt rpynnti JTh Gi b 
rpynny G. OSpaa STOii rpynnti HBjiaeTca: l-napaMeTpHHecKOft noflrpynnoii. Ecjih t 
- KOopflHHaTa Ha rpynne Gi, mbi MOJKeM samicaTb a — f(t) h naftTH flH(J)4)epeHn,ii- 
ajibHoe ypaBHCHHe ^jih 3toh noflrpynnbi. Mbi nojioJKHM b cjiynae npaBoro cflBura, 
HTO a = f(ti), b = f{t2), c = ah = f(t), t = ti + t2. Tor^a mm nojiy^HM 

-dT-^db^^^^'^^^'^^^^^^^^^ 

^^^V?(c)A.I(5)^ 
JleBaa nacTb ne aaBHCHT ot ^2, cjieflOBaTejibHO, npabaa: ^lacTb ne saBHCiiT ot t2. 

Mbl nOJIOJKHM, HTO 

dh^ 

Klibf^^cP^ 

dt2 

TaKHM o6pa30M, mm nojiynnM CHCieMy flH4)4)epeHii,HajibHbix ypaBnenHH 

dr'^ 

"■^ I Ki \ T 

—J- = (c)a 

TaK KaK A ~ npoHSBOflHaa npaBoro c^BHra b eflHHHn,e rpynnbi, sto paBCHCTBO 
osHa^iaeT, hto l-napaMeTpunecKaH rpynna onpeflejiena BeKTopoM E T^G n ne- 
peHOCHT 3T0T BCKTop Bflojib l-napaMCTpiiHecKOii rpynnbi 6e3 iiSMeHeHiiii. Mm na- 
sbiBacM 3TO BeKTopnoe nojie npaBOHHsapHaHTHBiM seKTopHbiM nojieM. Mm 
onpeflejiiiM BeKTopnoe npoiiSBefleuHe KaK 

(3.3.6) [a,/3]^ = G.5^sa«/3^ 
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3. Fpynna Jlii 



HpocTpaHCTBO TeG, CHa6}KeHHoe TaKOii onepai^neii, CTanoBHTca: ajireGpoii JIh g^- 
Mm HasMBaeM ee onpe/i;ejieHHOH cnpaBa ajire6poH JIh rpynnti JIh 

TeopeMa 3.3.2. IIpocmpaHcmeo npaeouHeapuawmHux eeKmopnux noAcu UMeem 
KOHeuHym pasMepHocmb, paeHym paaMepnocmu gpynnu JIu. 9mo aAze6pa JIu c 
npouaeedeHucM paenuM KOMMymamopy eeKmopnux nojieu u ama ajize6pa U30- 
MOp(fiHa aAze6pe JIu Qr- 

^OKASATEJibCTBO. 3to cjieflyeT H3 (3.3.5) h (3.3.6), Tax KaK h hb- 

JIHIOTCH KOHCTaHTaMH 

= CrTV^rUO?' = [a, P]^ X^U 

□ 

3.4. JleBbifi cflBHr 

^jiH jieBoro cflBiira [1]-(2.4.12) CHCTCMa (3.1.32) nprnrnMaeT bh^ 

OyHKLi,HH h'^ aBjiHiOTCH pemcHHeM CHCTeMbi (3.4.1) h corjiacHO [1]-(2.4.12) ohh 

SaBHCHT OT b^,...,b"', KOTOpbie Mbl MOJKeM npeflnOJIOJKHTb nOCTOHHHblMH. TaKHM 

o6pa30M, penieHHe CHCTeMbi (3.4.1) saBHCHT ot n npoHSBOJitHbix KOHCTaHT h, cjie- 
;i,OBaTejibHO, CHCTeMa (3.4.1) Bnojine HHTerpiipyeMa. YcjiOBHe ee iiHTerpHpyeMOCTii 

HMeeT BHfl 

^^^A,p(a) + ^,^(6 )^-^ - 

CorjiacHO (3.4.1), mh MOJKeM saniicaTb sto ycjiOBHe b 6ojiee npocToii 4)opMe 
^Mp^,^(5')A.K(a)A.|:(a) +^,^(6')^^ - 
-^^'^(''V.^(^')A.^(a)A.|;(a)+^,^(5')-^''^(") 



(3.4.1) _.^^K(^b')Xil{a) 



d^iW) , s dy^ivib' 



- i^iuib )^iT{a)i,iy{a) [—Q^ 

Mbi onpeflejiiiM Jieebie cipyKTypHbie KOHCTaHTbi ajire6pBi JIh 

(3.4.2) Q^, = ^,^(a)^.-(a)^^''^('^) ^"'^('^^ 



Torfla MBI nojiyniiM 

Lfu'\ PiJ. L lu'\ 



(3.4.3) _^i^^,^(6') _ _|i^V;^(&') = Ci%i:itAb') 

EcjiH MBI npoflHcJxJjepeni^HpyeM sto paBencTBO no , mbi nojiy^HM 



'^^^,&(5') = 



daP 



3.4. JlcBMii cflBHr 
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T'AK KaK ipi^[b') He aasHCHT ot a. B TOJKe BpcMH ipi^{b') jiHHefiHO nesaBHCHMbi, Tax 



KaK o?ei||?/;/^|| 7^ 0. CjieflOBaTejibHO, 







H Clj'Y HBJIHIOTCH KOHCTaHTaMH. Mbl HaSblBaCM HX CTpyKTypHblMH KOHCTaHTaMH. 

Ha (3.4.2) cjie^yeT, hto 

f^AA\ rV \ V^^N ^^rp(a) dXr^{a) 

(3.4.4) Cij,y\rp{a)XrR{a) - g^p 

Mbi HasbiBaeM (3.4.4) ypaBHeHHCM Maypepa. 

TeopeMa 3.4.1. BeKmopnue noAsi, onpedeACHHue ducfjcfjepeH'nuaAbHUM onepamo- 
poM 

(3.4.5) Xiv = i^iU'^)j^ 
JiUHeixHO HeaaeucuMU u KOMMymamop UMeem eud 



{XlT,Xlv) — Cl^yXli 



^OKASATEJibCTBO. JlnHCHHaH HesaBHCHMOCTb BCKTopHbix nojiCHS cjie/iyeT hs 
TeopeMbi 3.1.4. Tor^a mh bh^hm, ^tio corjiacHO (3.4.3) 

iXiT.Xiv) = [XiTiJl^ - Xiv^ii^)^ = 

□ 

IlycTb 3a;i,aH roMOMopcjDiiSM / : Gi — s> G l-napaMeTpH^iecKOH rpynnti JIh Gi b 
rpynny G. OSpaa STOii rpynnti HBjiaeTca l-napaMeTpiiHecKOii noflrpynnoii. Ecjih t 
- KOopflHHaTa Ha rpynne Gi, mbi MOJKeM aanncaTb a — f{t) ii naiiTH /i,H4)4)epeHn,H- 
ajiBHoe ypaBHCHHe fl^jisi stoh HOflrpynnbi. Mbi hojio>khm b cjiynae jieBoro c^BHra, 
HTO a = /(ii), b ~ 7(^2), c = ab = f{t), t ~ ti + 12. Tor^a mbi nojiy^HM 

dc^ dc^ db^ , K, Tn.db^ dU 
^^dbT^^^'^^'^^'^^'^lI^^ 

— = V.T(c)Aa(6)^ 

JTeBaH nacTb ne aaBHCHT ot t2, cjieflOBaTejibHO, npaBaa nacTB ne saBHCHT ot t2. 
Mbi nojioJKHM, HTO 

' dt2 

TaKHM o6pa30M, mbi nojiynnM CHCTCMy flH4)4)epeHLi,HajibHbix ypaBnenHH 

— =AT{c)a 

TaK KaK tpi - npoH3BOflHaH npaBoro cj^wra, b eflHHHi^e rpynnbi, sto paBencTBO oana- 
HaeT, HTO l-napaMeTpHHecKaa rpynna onpeflejiena bbktopom G T^G h nepeno- 
CHT 3TOT BeKTop BflOjiB 1-napaMeTpiiHecKOii rpynnBi 6e3 HSMeneHHii. Mbi nasBiBaeM 
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3. Fpynna Jlii 



3TO BeKTopHoe nojie jieBOHHEapnaHTHBiM seKTopHbiM nojieM. Mbi onpeflejiHM 
BeKTopHoe npoH3BefleHHe Te kek 

(3.4.6) [a,l3f = Cilsa''l3' 

HpocTpaHCTBO Tf,G, CHaGsKenHoe TaKOii onepai^neii, CTanoBHTCH ajire6poH JIh qi. 
Mbi HasBiBaeM ee onpe/j;ejieHHoii cjiesa a:ire6poH JIh rpynnbi JIh 

TeopeMa 3.4.2. IIpocmpaHcmeo npaeouHeapuanmHux eeKmopnux noAeu UMeem 
KOHeuHym pa3MepHocrm>, paenyw pasMepnocmu gpynnu JIu. 9mo aAze6pa JIu c 
npouaeedeHUCM paenuM KOMMymamopy eeKmopnux noAeu u sma aAze6pa U30- 
Mopcfina aAze6pe JIu Qi . 

flOKASATEJibCTBO. 3to cjieflyeT H3 (3.4.5) h (3.4.6), Tax KaK h hb- 

JlfllOTCfl: KOHCTaHTaMH 

{XiTa^.XivP^) = {XiT,Xiv)a^l3^ = 
= Cil^yXiua^ P"" = [a,pfXiu 

□ 

3.5. OTHomeHHe meyKjxy ajire6paMH JIh qi h Qr 

Mbi onpe;i,ejiHjiH ^Be pasjiHHHbie ajire6pBi JIii na npocTpancTBe TgG. Tenepb 
Hama sa^ana - 3to onpeflejiHTb OTHOineHHe MejK^y stiimh ajire6paMH. Mbi Ha^^HeM 
pemaTB STy sa^any c anajiHsa paajiojKeHHH Teiijiopa rpynnoBoii onepai^HH. 

TeopeMa 3.5.1. C mouHocmmo do 6ecK0HeHH0 muaux emopozo nopstdna, cmpyK- 
mypa onepai^uu na zpynne JIu 

(3.5.1) (/5^(a, 6) = + 6^ - + I^mI^^' - e*')(^^ - e^) 

gde Mu onpedeAUAu HH4)HHHTe3HMajibHMe o6pa3yioiu,He rpynnBi JIh 

tK _ t k _ t k 
^LM — ^ILM — ^rML 

^OKASATEJibCTBO. Mbi mosccm HaHTH pHfl Teiijiopa npoH3Be;];eHHH no o6ohm 
apryMBHTaM. Ojxaaxo no/i,o6HO paa^ejiaM 3.3 h 3.4, mbi mojkcm paccMaTpiiBaTB ofliiH 
apryMBHT KaK napaMeip h naiiTH pa^ Teftjiopa no ^pyroMy apryMeniy. B stom 
cjiynae ero K094)4)Hn,HeHTBi 6yflyT saBHceTB ot nepBoro apryMenia. 

TaKHM o6pa30M, corjiacno (3.1.2) n (3.1.15), nponsBeflenne b OKpecTnocTH a £ 
G HMecT pHfl Teiijiopa OTHOCiiTejiBHO b 

(3.5.2) (^^(a, 6) ^ + Vrf (a)(&^ - e^) + o{b^ - e^) 

at = a + '4'r{o){b — e) + o{h — e) 

Vpfi K034)4)Hn,HeHTBI paSJIOiKeHHJI SaBHCHT OT a. B TOJKe BpCMH 1pr{ci) TaKJKC HMeeT 

pHfl Teiijiopa b OKpecTHOCTH e 

(3.5.3) ^.f (a) =S^+ /,!„(«'' - e'') + o{a^' - e^') 
EcjiH MBI no;];cTaBHM (3.5.3) b (3.5.2), mbi nojiynnM pasjioiKenne 

(^^(a, b) = a^' + ((5f + Ir^jia^' - e^') + o{a^' - e^')){b'' - e^) + o(6^ - e^) 

(3.5.4) </,^ (a, b) = a^' + b'' - + Ir^,j{a^' - - e^) + o(a^^ - e'' , &^ - e^) 



3.5. OTHomcHHe Mc»:fly ajirc6paMH JIh g; h Qj^ 
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CorjiacHO (3.1.3) h (3.1.16), npoHSBe^eHHe b OKpecTHOCTH b ^ G HMecT pa;; 
Teiijiopa OTHOCHTejibHO a 

(3.5.5) (^^(a, 6) = 6^ + i^if{b){a^ - e^) + o(a^ - e^) 

a6 = 6 + ipi(b){a — e) + o{a — e) 
rfle K034)4)HD;HeHTbi pasjiojKeHiia saBiiCHT ot 6. B TOJKe BpcMH ipi{b) laKJKe HMeeT 
pHA Teftjiopa B OKpecTHOCTii e 

(3.5.6) (6) = <5f + Ii'i,j{b'' e'') + o{b" e'') 
EcjiH MM noflCTaBHM (3.5.6) b (3.5.5) mbi nojiyniiM pasjiojKeHHC 

<^^(a, b) = b^ + (5f + hf,,{b'^ e^') + o{b'' - e''))ia^ a^) + o{a^ e^) 

(3.5.7) V5^(a, b) = fe^' + - e'^ + hfj^^ib" - e^^))(a^ - e^) + o(a*^ - e^^ 6^ - e^) 

(3.5.4) H (3.5.7) HBJIHHDTCH paSJIOJKeHHCM B pHfl TCHJIOpa OflHOH H TOii JKe cjjyHK- 

n,HH H OHii flOjiJKHbi coBHaflaTb. CpaBHHBaa Hx, Mbi BHflHM, T^TO //ff^/ = ^rML' Tor;i,a 
onepaLi,Ha rpynnbi JIh iimcct psip^ Teiijiopa (3.5.1) □ 

TeopeMa 3.5.2. C mouHocm'bm do 6ecK0HeHH0 mqjiux emopozo nopstdna, cmpyK- 
mypa onepa'nuu na zpynne JIu 



(3.5.8) 








- e^O - 




- 


(3.5.9) 






+ lLM{a 


- e^'^) - 


h o{a^' 




(3.5.10) 


A.f(a) 






- e^') - 


h o(a*^ 


- e") 


(3.5.11) 


A;f(«) 




- 7"^ fo^^ 


- e^") - 


h o(a*^ 





^OKASATEJTbCTBO. (3.5.8) H (3.5.9) cjieflyKiT H3 flH4)4)epeHLi,iipoBaHiiH paBCH- 
CTBa (3.5.1) no a hjih b h onpeflejienHii (3.1.15) h (3.1.16). 
Tenepb mbi nojiojKHM, hto Arf^(a) HMeei pa^ Teiijiopa 

(3.5.12) A.f (a) = 5f + .J^j,,{a^' - e^') + o(a^^ - e^') 

Torfla noflCTaBjiHH (3.5.12) h (3.5.8) b ypaBHeniie 

Arf(a)^rM(a) ='5^/ 

MBI nOJiy^HM C TOHHOCTbK) flp HOpHflKa 1 

(<5f + /f ,(a^ - e^) + o(a^ - e^))(5f, + jf,p(a^ - e^) + o{a^ - e^)) = 5f, 

Sfi + iJ^m + Inm)^^'' - e") + oia^ - e^) = <Sf, 
CjieflOBaTCjiBHO, + If^M = h, noflCTaBjiaa Jj^jv ^ (3.5.12), mbi nojiynnM 

(3.5.10). 

TaKHM }Ke o6pa30M, mh MOHceM ^OKasaTB (3.5.11). □ 
Cjieflyiomaa: xeopeivia cjie^yeT nenocpeflCTBeHHO h3 TeopeMbi 3.5.2. 
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3. Fpynna JIh 



TeopeMa 3.5.3. 



(3.5.13) 


9V.f(a) 


a—e 


(3.5.14) 


5Vzf(a) 


a—e 


(3.5.15) 




- 

a—e 


(3.5.16) 


d\if{a) 


a—e 



Ha ocHOBe TeopeMbi 3.5.3 mbi MOJKeM nojiyHHTb Sojiee fleTajibnyio HH4)opMan,Hio 
o jieBoii H npaBOH rpynnax ajire6pi>i JIh. Tax xax onpeflejieniie (3.3.2) ne saBHCiiT 
OT a, MM MOHceM oii,eHHTb ero, Kor^a a = e. CorjiacHO (3.1.17) h (3.5.16), mh 

nojiy^HM 

rU _ kPxR( tU \ jU \ _ tU _ tU 
'-'iTV ~ "t"v\ ^rp ^pr) ^ ^tv ^vt 

CorjiacHO (3.1.18) h (3.5.15), mh nojiyHHM 

^rTV ~ °T°V\ ^PR'^RPJ — ^VT ^TV 

C jieflOBaTCjiBHO , 

H ajireGpbi qi h Qr HBjiaroTca aHTHHSOMopcJjHbiMH. OBbihho mm no;i,pa3yMeBaeM, 
HTO 0; HBjiHeTCH ajire6polt JIh rpynnti JIh h use notation 



'-'TV 



ITycTb g = TeG HBjiaeTCH ajire6poft JIh rpynnti JIh G c onepai^nefi 



a 



^-Cf.^afa^ a3 = C(«i,«2) 



FjiaBa 4 



Ilpe^cTaBJieHHe rpynnbi Jim 



4.1. IIpeflCTaBJieHHe rpynnBi JIh 

Mbi 6yfleM paccMaTpHsaTb npeflCTaBjienne rpynnti JIh b HenpeptiBHOM bbk- 
TopHOM npocTpancTBe."''^ IlycTb 

v" ^J(b){v')=J(c){v) 
IlycTb e - 6a3HC BeKTopnoro npocTpancTBa M . Tor;i,a pasjiojKeHHC BeKTopa f{a){v) 

HMeeT BHfl 

7(a) («) = r{a){v)e, 

TeopeMa 4.1.1. BasoBtifi BeKTop npe;],CTaBJieHHH rpynnBi Jin onpedeAen 
paeeiicmeoM 

(4.1.1) m^m^'f'^^'^^'''^ 



b=e 



db 

(4.1.2) e2(.') = /3,"(M')^»^ 

zde MU eeejiu onepamop /3{a,v) maKou, umo 

- 97(a)(tJ) _ ^ ^, dP{a){v) 

KoeapuanmHoe npedcmaeAenue gpynnu JIu G e MHomcecmee M 

(4.1.3) c = ba 
ydoBAemeopjiem cucmeMe ducfjcfjepeH'nuaAbHux ypaeneHuu 

dl{a){v) _ - dfiam _ i 



KoHtnpaeapuaHmHoe npedcmaeAenue zpynnu JIu G e MHoatcecmee M 
(4.1.5) c = ab 

ydoBAemeopjiem cucmeMe ducljcljepenu,uaAbHux ypaenenuu 



(A 1 R^ df{a)(v) - , dp{a){v) , ^ 



4.1 



B pa3/i,ejie [l]-2.4 mm paccMOxpejiH o5n],yiO KOHii,enLi,Hio npe/],CTaBjieHH5i rpynnti. 
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4. npc/];cTaBJicHHC rpynnt>i JIh 







^OKASATEJibCTBO. Mbi BbipasHM b Hepes a H c H npoflH4)4)epeHu,HpyeM pa- 

BeHCTBO'*'^ 

7(c)(TJ)=7(&)(7(a)(TJ)) 

no a _ _ 

df{b){v') db df{b){v') dv' 

db da dv' da 

JleeaH nacTb ne sebhcht ot 6, nosTOMy h npaeaH nacTb ne aasHCHT ot b. OnpeflejiiiM 
npaeyro nacTb, Kor^a b = e. 

EcjiH npeflCTaBjieHHe KOBapiianTHO, to h3 paeeHCTB (4.1.3), (3.1.38), Korfla 
ca^^ = e, cjieflycT, hto 



3ca 



9a 



PaBencTBO (4.1.4) cjie^yeT h3 paBencTB (4.1.1), (4.1.8), (4.1.7). 

EcjiH npeflCTaBjieHHe KOHTpaBapHaHTHO, to h3 paseHCTB (4.1.5), (3.1.37), Kor^a 



a ~ e, cjieflyeT, hto 
db 

^'■'■'^ d-a 



da 

PaBCHCTBO (4.1.4) cjieflyeT h3 paBencTB (4.1.1), (4.1.9), (4.1.7). □ 

TeopeMa 4.1.2. ^ - smo onepamop, omo6pa^icaK)UJt,uu aA8e6py g e aAge6py Aceo- 
UHeapuaHnmux eeKmopnux noAeu na M. SAeMeHui a G g nopocHcdaem Aceo- 
UHeapuaHnmoe eeKmopnoe noAe 

Ha MHOzoo6pa3uu M . 

flOKASATEJibCTBO. ^ OToSpajKaeT ajire6py JIh q b KacaTejibnyio njiocKOCTb 
MHorooGpasHa. Ecjih a G g 3aBHCHT ot napaMeTpa mbi mojkcm 3aniicaTi> flHeJxJje- 
peHLi,HajibHoe ypaBnenHe 

^ = i{u')h{a)\r{a)'^ 

Ecjih a npHHafljiejKHT l-napaMeTpHHecKoft no;i,rpynne, nopo>KfleHHOH ajieMenTOM 
a G g, TO OH yflOBjieTBopHeT ypaBHennio Cjie^OBaTejiBHO, nojiBsyacB (3.1.19), mbi 

HOJiyHHM 

du' 

— = i{u')\r{a)iljr{a)a = ^(u')a 
at 

□ 



^Cmotph paBencTBa [1]-(2.4.1) h [1]-(2.4.5). 



4.2. Ajirc6paHMCCKHC CBOHCTBa npcflCTaejicHHSi 
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4.2. Ajire6paHHecKHe CBoficTBa npe^cTaBJieHHH 

TeopeMa 4.2.1. Ilycm'b fi - npedcmaeneHue apynnu G e eeKmopnoM npocmpan- 
cmee Vi . Uycmb ] 2 - npedcmaeAenue apynnu G e eeKmopnoM npocmpaHcmee V2 ■ 
Ilycmb zeoMempuuecKuu o6neKm v fieAsiemcfi menaopHUM npouaeedenueM zeoMem- 
puHecKux o6seKmoe vi Vi uv2& V2 

(4.2.1) 7ia){vi®V2)=7iia)iv,)^72{a){v2) 

EcAU npedcmaeAeHUM /i m /2 KoeapuanmHU, mo omo6pajtceHue f - KoeapuanmHoe 
npedcmaeAenue zpynnu G e eeKmopnoM npocmpancmee V = Vi ®V2. Ecau nped- 
cmaeAenuH fi u f2 Konmpaeapuanmnu, mo omo6paoKenue f - Konmpaeapuanmnoe 
npedcmaeAenue zpynnu G e eenmopnoM npocmpancmee V = Vi ®V2. Mm 6ydeM 
naaueam-b npedcmaeAenue f TensopHbiM npoHSBe^eHHeM npe;];cTaBJieHHH u 

(4.2.2) 1{vi®V2) ^l,i{vi)®V2 + vi ® 6(^2) 

^OKA3ATEJlbCTBO. IIpejKfle Bcero noKajKCM, hto mbi nojiy^HjiH hoboc npefl- 
CTaBjieniie. Ecjih mbi npHMCHMM npeo6pa30BaHHH a € G h 6 £ G nocjie/i,OBa- 

TejIBHO, TO Mbl HMeeM 

2 3^ /(«)(/(&) (^1 ® ^2)) - 7{a){f,{h){v^)®j2{b){^2)) 

^■^■^ =7l(a)(7l(&)(^l)) ®72(«)(72(&)(tJ2)) 

TaK, ecjiH /i H /2 - KOBapHaHTHBie npe;];cTaBjieHHH, to h3 (4.2.3) cjie/i,yeT 
7{a){7{b){vi®V2))=7i{ab){vi)®72{ah){v2) 
= f{ab){vi (g) 1)2) 

CjieflOBaTejiBHO, / TOJKe KOBapHaHTHoe npeflCTaBjiCHHe. Ecjih /i h /2 - KOHTpaBa- 
piiaHTHbie npe/i,CTaBjieHHa, to h3 (4.2.3) cjie^yeT 

7{a)i7{b)ivi ®V2)) = 7i{ba){vi) ®72iba){v2) 

= f{ba){vi (g) 1)2) 

CjieflOBaTCjiBHO, / TOJKe KOHTpaBapiiaHTHoe npeflCTaBjiCHHe. 
^HcJxJjepeHi^HpyH ypaBHenHe (4.2.1) no a, mm nojiyniiM 

(4.2.4) ?-f^«7^+7^«f^ 

Mbi nojiy^HM (4.2.2) h3 (4.2.4) no onpeflejienHro, Kor^a a ~ e. □ 

nOHCMy Ba>KH0, HToSbl /l H /2 SblJIH OflHOTO H TOTO JKB THHa? H3 (4.2.3) BHflHO, 

HTO ecjiH /i KOBapnaHTHoe npe^CTaBjieHHe h /2 KOHTpaBapiianTHoe npeflCTaBjienHe, 
MM He MOJKeM CKa3aTb, HTO flOjiJKHO 6bitb b npaBoii ^lacTH SToro paBencTBa: ab hjih 
ba. Mbi HO npejKHeMy HMeeM ceMeficTBO npeo6pa30BaHHH, saBHCHmHx ot a G G. 
3Ta 3aBHCHMOCTb 6yfleT HenpeptiBHOH h mbi mojkcm 3anHcaTb ee npoHSBOflnyio. 
O^HaKO jierKO BH^eTb, hto npoH3BefleHHe npeoSpasoBaHHii h3 SToro ceMeiicTBa, 
BOo6me roBopH, ne npHnafljiesKHT STOMy ceMeiicTBy 

TeopeMa 4.2.2. Uycmb ecKmopnoe npocmpancmeo V jieAJiemcM npsiMou cyMMOu 
eenmopnoM npocmpancme Vi u V2 

V = Vi®V2 
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4. npc/];cTaBjicHHC rpynnt>i JIh 



Uycm-b fi - npedcmaeACHue gpynnu G e eeKmopnoM npocmpaHcmee Vi . Uycmb /2 
- npedcmaeAenue zpynnu G e eeKmopnoM npocmpaHcmee V2. Uycmb zeoMcmpu- 
HCCKUU o6^eKm v fiejisiemcfi npjiMou cyMMOu zeoMcmpuuecKux 06'deKmoe vi G Vi 
UV2GV2 

(4.2.5) 7(a)(wi 0^2) =7i(a)(«i) ©72(a)(iJ2) 

EcAU npedcmaeACHUsi fi u /2 KoeapuanmHU, mo omoBpamccHue f - Koeapuanm- 
Hoe npedcmaeAenue zpynnu G e ecKmopnoM npocmpancmee V = Vi OV2. Ecau 
npedcmaeAenue fi u ^2 KonmpaeapuanmHu, mo omo6pacHceHue f - Konmpaeapu- 
anmnoe npedcmaeAenue zpynnu G e eeKmopnoM npocmpancmee = Vi © V2 . Mu 
6ydeM Haaueamt npedcmaeAenue f npHMoii cyMMoii npe/i,CTaBJieHHH u 

'Iiivi) _ 

6(«2), 

^OKASATEJTbCTBO. Mbi npocTO /i,H4)4)epeHn,HpyeM OTo6pajKeHHe (4.2.5). □ 



C(wi ® V2 



4.3. JlHHeHHoe npeflCTasjieHHe rpynnbi JIh 
TeopeMa 4.3.1. B cAyuae Auneunozo npedcmaeAenusi 

(4.3.1) v' = 7ia){v) r{a){v) = f;{ay 
6a30euu eenmop npedcmaeAenun UMcem eud 

(4.3.2) l{v')=Iv' a{v')=I]Lv'^ 

zde MU onpedcAfieM 6ecKOHeHHO MajiBie o6pa3yK)iu,He npedcmaeAcnusi 



(4.3.3) 



da 



M 



I = 



a/ 

da 



flOKASATEJIbCTBO. EcjIH MM nOflCTasHM 

na){v) = f]{a)v= 

B (4.1.2). Mbi nojiyHHM 



— r n'l 



□ 



TeopeMa 4.3.2. Jluneunoe Koeapuanmnoe npedcmaeAenue ydoeAcmeopsiem duifi- 
(f>epenu,uaAt>HOMy ypaeneHum 

(4.3.4) ^ n A.i,(a)z;'^ 



(4.3.5) 



da^f 

dfl 
da'"' 



4.4. Ajirc6paH'^ICCKHC CBOHCTBa JIHHCHHOrO npCflCTaBJICHHH 
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^OKASATEJTbCTBO. (4.3.4) HBJIHeTCH CJieflCTBHeM paBCHCTB (4.1.4) H (4.3.2). 

EcjiH Mbi noflCTaBHM (4.3.1) b (4.3.4), mh nojiyHHM 

OTCio;i,a cjieflyeT (4.3.5). □ 

TeopeMa 4.3.3. JIuHeilHoe KonmpaeapuaHmHoe npedcmaeAenue ydoeAemeoptiem 
ducj}(fiepeHV,uaAbHOMy ypaeneHum 

(4.3.6) ^ = I],v!^\^(a) 

(4.3.7) ^ = r^JlXiiM) 

oa 

^OKASATEJibCTBO. (4.3.6) sBjiJieTca cjieflCTBHeM paBencTB (4.1.6) h (4.3.2). 
EcjiH Mbi noflCTaBHM (4.3.1) b (4.3.6), mbi nojiyHHM 

OTCio;i,a cjieflyeT (4.3.7). □ 
4.4. Ajire6pajiHecKHe CBoiicTBa jiHHeiiHoro npeflCTaBJieHHH 

TeopeMa 4.4.1. Ecau npedcmaeAenuM fi u /2 o6a au6o KoeapuaHmnu. au6o koh- 
mpaeapuanmHu u npedcmaeAeHue f sieAsiemcfi ux meHaopnuM npouseedenueM, 
mo 

(4.4.1) I = Ii (g) E2 + El (g) I2 
flOKA3ATEJlbCTBO. ^H4)4)epeHn,HpyH paBCHCTBO 

/(a) = /i(a)®/2(a) 

no a MM nojiyHHM 

(4.4.2) + 

oa aa oa 

Mbi nojiyiiiM (4.4.1) H3 (4.4.2) no onpeflejiennio, Kor^a a = e. □ 

TeopeMa 4.4.2. Ecau f - AuneuHoe npedcmaeAeHue zpynnu G e eenmopHOM npo- 
cmpaHcmee M, mo omoGpaoKCHue h{a) = f{a~^) maKOice neAsiemcsi auhcuhum 
npedcmaeACHueM epynnu G e eenmopuoM npocmpancmee M 

(4.4.3) h)^ = -If.)^ 

Ecau f - AuneuHoe KoeapuanmHoe npedcmaeACHue, mo h - KOHmpaeapuanmHoe 
npedcmaeAeHue 

Ecau f - Auneunoe KOHmpaeapuanmHoe npedcmaeACHue, mo h - KoeapuanmHoe 
npedcmaeACHue 



32 



4. npc/];cTaBjicHHC rpynnt>i JIh 



^OKASATEJTbCTBO. YTBepjKfleHHe, HTO h HBjiaeTCH KOBapnaHTHbiM npeflCTae- 
jieHHeM, ecjiH / - KOHTpaBapnaHTHoe, cjieflyei h3 TeopcMbi [1]-2.4.10. AnajiorHnHO 
;i,0Ka3fciBaeTCH yTBepjKfleHne, hto h HBjiaeTCH KOHTpaBapHaHTHBiM npeflCTaBjieHH- 
eM. ecjiH / - KOBapnaHTHoe. TaK kek npeo6pa30BaHHe, o6paTHoe jiiineHHOMy, Taicace 
HBjiaeTCH jiiiHeiiHBiM, to npeflCTaBjiCHHe h TaKace HBjiaeTca jiiiHeftHBiM. 

HTo6bi ;i,OKa3aTB TeopeMy, mbi ;i,oji>khbi HaftTii 6ecKOHeHHO MajiBie o6pa3yK)mHe 
npe;i,CTaBjieHHa: h. CorjiacHO paBencTBy (4.3.3) 



(4.4.6) 



l-h-jM 



dhUa) 



M 



df;{a-^) 



Ohcbhaho, hto 
(4.4.7) 



da 



M 



dfUa-^) da 



l.N 



da 



-l.N 



da 



da 



-l.N 



da 



M 



Hs paBeHCTBa (3.1.34) cjieflycT 
da-^-^ 

(4.4.8) 



da 



M 



da 



^i.l{a-')K.Ua) 



N 



T ' 



K , 



cN 



□ 



PaBencTBO (4.4.3) cjie^yeT h3 paBCHCTB (4.4.6), (4.4.7), (4.4 

TeopeMa 4.4.3. Uycm'b eeKmopnoe npocmpaHcmeo V sienfiemcsi npsiMou cyMMOu 
eeKmopHux npocmpaHcme Vi u V2 

V = Vi®V2 

Uycm'b npedcmaeAeHUM zpynnu G e eeKmopnux npocmpaHcmeax Vi u V2 06a au6o 
KoeapuanmHU, au6o KomnpaeapuaHmHU. Tozda onpedeACHO npedcmaeAenue zpyn- 
nu G 6 ecKmopHOM npocmpaHcmee V u 

/]^OKA3ATEJIbCTBO . fljIH ;i,OKa3aTejIBCTBa flOCTaTOHHO B3HTb npOH3BOflHyiO OT06- 

pajKeHHH 



□ 



FjiaBa 5 



^HcJjcJ^epeHL^HajibHbie CBoiicTBa reoMexpHHecKoro 

o6T.eKTa 

5.1. KoBapnaHTHELH npoH3BO/i,Haa 

Mbi xoTHM Hsy^^iiTB KRK MeHHiOTCH KOopflHHaTbi reoMeTpHHecKoro oSteKTa 
(4.3.1), Korfla mm ^BHJKeMCH Bflojib MHoroo6pa3HH. Mbi npeflnojiaracM, hto GL{n) 
- ocHOBHaa rpynna npeo6pa30BaHHii. JIoKajiBHtift 6a3HC HMeeT npeo6pa30BaHHe 

C jieflOBaTejiBHO , 

EcjiH MBI onpe/iejiHM cbhshoctb 



TO MBI nojiyHHM 



3to no3BOjiaeT onpe;];ejiHTb KOBapHanTHyro npoH3B0flHyio 



2:T 



PaCCMOTpHM KOMMyTaTOp AByX npOH3BOflHBIX 

(5.1.1) v%,-v% = R%y -Tllv';; 

5.2. IIpoHSBOflHaH JIh 

BeKTopHoe nojie ^'^ na MHoroo6pa3HH nopo}K/i,aeT 6ecKOHeHHO Majioe npeo6pa- 
30BaHHe 

(5.2.1) x"' = x''+e^'' 

KOTopoe npHBOfliiT K npoH3BO/i;HOH JIh. HpoHSBOflHOH JIh roBopHT HaM KaK reo- 
MeTpHHecKHii o6'BeKT MCHaeTCH, Korfla mbi flBiiJKeMca b/i,ojib BeKTopnoro nojia. 

PaccMOTpHM npoH3B0flHyio JIh ^jih reoMeTpinecKoro o6'BeKTa (4.3.1). B stom 
cjiynae mbi hmccm npeo6pa30BaHHe 

k ck I k 

Qi =di + ear 
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5. /]^H4>45CpCHIj;HaJII,HBIC CBOiiCTBa rCOMCTpHMCCKOrO oGtcKTa 



CorjiacHO (4.3.2) reoMeTpuHecKiiH oG^bCKT (4.3.1) HivieeT npoii3BO/i,Hyio JIh 

l^n V — 



e 



e 

e 

MO>KeM BbipasHTb 3Ty npoHSBOflHyio Hepe3 KOBapnaHTHyio npoH3Bo;i,Hyio 

^v'^X-I$.iay+IliSl,aPvP 



FjiaBE 6 
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rjiHHCKoro M. M. IlocTHHKOBa, M. HuocTpaHHas jiHiepaTypa, 1947 
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FjiRBa 7 



Ilpe^MeTHMH yKasaTejib 



SasoBBiH BCKTop npe^CTaBjieHH5i rpynnbi 
Jin 27 

5a30BBiH onepaTop rpynnBi JIh 16 
SecKOHC'^HO MajiBiH renepaTop 30 

BnojiHe iiHTerpHpyeiviaH CHCxeMa 7 

HHcJ^iiHHTesHManBHBie o6pa3yiOLu,He rpynnBi 
JIh 24 

jieBOHHBapnaHTHoe BeKTopnoe nojie 24 
jieBBie CTpyKTypHBie KoncTanTBi anre6pBi 
Jin 22 

onpe^ejiennaa cjiena ajire6pa Jin rpynnBi 
Jin 24 

onpeflejiennasi cnpaBa ajireSpa Jin rpynnBi 
JJh 22 

nojinaH cncTeivia jinnenHBix 

/I,H4>4)epeHii,HajiBHBix ypaBnennn b 

^aCTHBIX npOHSBOflHBI 10 

npaBonHBapnaHTHoe BeKTopnoe nojie 21 
npaBBie CTpyKTypnBie KOHCTanTBi ajireSpBi 

JIh 20 
npoH3BOflHaa Jin 33 
npHMaH cyMMa npeflCTaBJiennH 30 

cymecTBeHHBie napaivierpBi ceivieHCTBa 
4)yHKii;HH 11 

Tensopnoe nponsBe^enne npe^CTaBjiennii 
29 

}iKo5HeBaH nojinaH cncTeina 

/i,H4>4)epeHn,HajiBHBix ypaBnennn 11 
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FjiaBR 8 



Cneii,Hajit>Ht>ie chmbojibi h o6o3HaHeHHa 



Aij^ (a, b) npoHSBOflHaa jieBoro CflBura 15 
Ai{a,b) npoHSBOflHan jieBoro c/],Bnra b 1- 

napaMeTpHHecKoft rpynne JIh 18 
Ar^{a,b) npoHSBOflHaa npaBoro CflBHra 15 

Ar^ {a^ b) npoHSBOflHaa npaBoro c^BHra 15 

Ar{(i,b) npoHSBOfltiaa npaBoro c^BHra b 1- 
napaMeTpHMecKOH rpynne JIh 18 

CiYT -JieBbie CTpyKTypnbie KoncTanTbi 

ajire6pbi Jin 22 
Cryx npaBBie CTpyKTypnBie KOHCxaHTBi 

ajire6pbi JIh 20 

^{v') 5a30Bi>iH BeKTop npe^CTaBjieHHH 
rpynnbi Jin 27 

KoopflHHaTbi 5a30Boro BeKxopa 
npeflCTaBjieHHH rpynnbi Jin 27 



iprpf{a) npaBbiH SasoBbin onepaTop 

rpynnbi Jin 16 
^r{o.) npaBbiH 6a30BbiH onepaTop 

OflnonapaMeTpn^ecKOH rpynnbi JIh 

(p^{ai,a2) onepan,H5i na rpynne JIh 15 



g anre5pa JIh rpynnbi JIh 26 

onpe/i,ejienHa5i cjieBa ajire5pa JIh 

rpynnbi JIh 24 
Qr onpe^ejiennaH cnpaBa ajire6pa JIh 

rpynnbi JIh 22 

^jM Hn4)HHHTe3HMajibHbie o6pa3yioni;He 

npe^CTaBjiennsi 30 
^LM Hn4>HHHTe3HMajibHbie o6pa3yioiii,He 

rpynnbi Jin 24 

TaG KacarejibnaH njiocKOCTb k rpynne G 
16 

A; (a) o6paTHbiH onepaTop oneparopa ipi 
16 

Xr{(i) o5paTnbiH onepaTop onepaTopa ipr 
16 

iplj^{b) jieBbiH 6a30BbiH oneparop rpynnbi 
JIh 16 

^l{b) jieBbiH 6a30BbiH onepaTop 

o^HonapaMeTpHMecKOH rpynnbi JIh 19 
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